
JONATHAN 
LEAR 

o 





Aristotle and logical theory 



Aristotle was the first and one of the greatest 
logicians. He not only devised the first system 
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mental problems in the philosophy of logic. 
This was a dramatic development in the history 
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and which has since shaped its development. 
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historical study of Aristotle but an attempt to 
convince the reader that Aristotle is a 
philosopher of logic who is still worth thinking 
about and arguing with. 

This book was written with the student of the 
philosophy of logic in mind and the author has 
assumed no background knowledge of Aristotle. 
Quotations from the Greek are translated. The 
book should also be of interest to historians of 
ancient philosophy, since it provides a critical 
appraisal of Aristotle's own contribution to one 
of the several disciplines he founded. 
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'Settle thy studies, Faustus, and begin 
To sound the depth of that thou wilt profess; 
Having commenc'd, be a divine in show, 
Yet level at the end of every art, 

And live and die in Aristotle's works. 
Sweet Analytics, 'ris thou hast ravish'd me!' 

Christopher Marlowe's Dr Faustus 



Preface 

'Logic is an old subject and since 1879 it has been a great one.' 
w. V. O. Quine 

Logic is an old subject and since the fourth century B.C. it has been a 
great one. Owing to the tremendous advances in logic since Frege's 
publication of the Begriffssckrift in r879, philosophers have tended to 
ignore Aristotle's logic. They believe that Aristotle's syllogistic is a 
trivial logical system of little philosophical use. The syllogistic is not 
sufficiently sophisticated to express a single mathematically interesting 
proof, but philosophers rarely use any formal system actually to carry 
out a proof. Rather they make the logical system itself an object of 
study in order to gain insight into the nature of logical consequence, 
valid inference and proof. If one wishes to study the valid inferences 
that occur in mathematical arguments, it is, of course, important to 
have a logical system in which such arguments could be formalized. 
The syllogistic fails this requirement, but Aristotle did not think so. In 
Prior Analytics A23 and A25 he argues that every deductive argument 
can be expressed as a series of syllogistic inferences. That the argument 
is unconvincing masks the fact that simply by raising the problem, 
Aristotle earns the right to be considered not only the father oflogic, 
but also the (grand)father of metalogic. 

The very possibility of proof-theoretic inquiry emerges with 
Aristotle, for such study requires that one have a system of formal 
inferences that can be subjected to mathematical scrutiny. Before the 
syllogistic there was no such formalization that could be a candidate for 
proof-theoretic investigation. Aristotle thus opened a new realm of 
thought and discourse: he and his successors are able to answer ques
tions about the nature of logical consequence and proof that could not 
even be posed by his predecessors. 

In this book I offer an interpretation of Aristotle's logical programme; 
a programme which I believe to be one of the great triumphs of human 
thought. My hope is that the reader will come to see Aristotle as a 
philosopher of logic who is still worth thinking about and arguing 
with. This book was written with the student of the philosophy of 
logic in mind. Thus I have assumed no background knowledge of 
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Aristotle, but I have. assumed that the reader has a minimal acquaintance 
with logic. However, I have tried to assume as little as possible, so that 
this book will be accessible to someone who is primarily interested in 
Aristotle. 

I have relied on the Oxford Classical Texts of Aristotle's works. For 
quotations I have relied wherever possible on the Clarendon Aristotle 
Series, l making emendations when I thought they improved the sense 
of the text. Substantial changes are footnoted. The Prior Analytics has 
not yet been translated in the Clarendon Aristotle Series and the 
standard Oxford translation2 often deviates from the Greek text, so I 
have often had to supply my own translation. Still I have tried to 
conform as much as possible to the Oxford translation. I am grateful 
to G. E. R. Lloyd for reviewing all of my translations. Of course, only 
I can be held responsible for their shortcomings. Indeed I am not 
thoroughly happy with all of the translations I left intact; but it seemed 
preferable, for the most part, to adopt the standard translations for 
certain words and phrases. For those who do not read Greek there will 
at least be some uniformity between commentaries and translations; 
those who do read Greek will know what the translations are transla
tions of. 

I have used the natural deduction formalization of Aristotle's logic 
given by Smiley and Corcoran.3 'Ahd' is read either as 'All h's are d' or 
as 'd helongs to all h'. 'Ehd' is read either as 'No h's are d' or as 'd helongs 
to no h'. 'Ihd' is read as 'Some h's are d' or as 'd helongs to some h'. 'Ohd' 
is read as 'Not all h's are d' or as 'd does not helong to some h'. For a 
class-theoretic interpretation, let the terms a, h, c, d . .. range over 
non-empty classes and let A, E, I, 0 stand, respectively, for class
inclusion, exclusion, overlap and non-inclusion. 

This work began as a PhD thesis for The Rockefeller University. I 
would like to thank my thesis advisor SaulKripke: whether we were 
pacing along First Avenue in New York or along Christ Church 
Meadows, Kripke was a ·source of stimulation and a model of intellec
tual clarity. From G. E. L. Owen I gained a deep respect for the ancient 
texts and a conviction that studying Aristotle can bring general philo
sophical enlightenment. Over the years I have had the pleasure of dis-
1 Jonathan Barnes, Aristotle's Posterior Analytics; J. L. Ackrill, Aristotle's Categories and 

De Interpretation<; Christopher Kirwan, Aristotle's Metaphysics, Books r, A, E. 
2 G. R. G. Mure (translator), Analytica. Priora, in W. D. Ross (ed.), The Works of 

Aristotle Translated into English. 
3 T. J. Smiley, 'What is a syllogism ?', J. Corcoran, 'Aristotle's natural deduction system'. 
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cussing problems in the philosophy of logic with Paul Benacerraf and 
Donald Martin and general problems in philosophy with Bemard 
Williams. It was WilIiams who suggested I prepare my thesis for 
publication. Cynthia Farrar was an indefatigable editor of the pen
ultimate draft, which was no small accomplishment considering she 
had mononucleosis at the time. She not only ruthlessly pursued split 
i~finitives, she convinced me there was reason not to split them. 
Penny Thomson prepared an immaculate typescript. 

I would like to thank the Master and Fellows of Trinity Hall, Cam
bridge, for electing me to a Research F eIIowship, thus providing me 
with the time to prepare my thesis for publication. 

I derived great sustenance while writing my thesis from the love and 
support of various friends and family: John Dunn, Judy Dunn, 
Cynthia Farrar, Harry Frankfurt, Tammy Jacoby, Susan James, Judy 
Lear, Martha Lear, Norman and Frances Lear, Ruth Marcus, Svetlana 
Mojsov, Ruth Morse and Stefan CoIlini, Charles Parkin, Quentin 
Skinner and Jonathan Spence. 

My greatest intellectual debt is to Timothy Smiley. Attending his 
lectures on logic as a student at Clare College, Cambridge, I first 
conceived an interest in the field; it was he who suggested I take 
Aristotle seriously. Later, as a Fellow of Trinity Hall, I had the 
privilege of talking about Aristotle's logic during daily runs with 
Smiley: it was the most enjoyable way I have yet found of getting 
through five miles. 

Throughout the period I was a graduate student my father, Harold 
Lear, was dying. My most vivid memory of Rockefeller is of taking 
daily walks across the street to New York Hospital to sit by his bedside 
and talk to him - about Aristotle, the Middle East, people and their 
feelings. For me, this book is a very small celebration of that joyous 
man. 

May 1979 J.L. 
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Syllogistic consequence 

The first sentence of the Prior Analytics states that the subject of 
inquiry is proof. However, Aristotle first presents his theory of the 
syllogism because, he says, it is more general: every proof is a syllog
ism, but not every syllogism is a proof (An. Pr. 2.5b2.8-3I). Aristotle 
defines a syllogism as a 'logos in which, certain things bein~posited, 
something other than what is posited follows of necessity from their 
being so' (An. Pr. 2.4hI8flV What is it to follow of necessity? And 
how does Aristotle show that, given certain premisses, a conclusion 
follows of necessity? This chapter provides an introduction to 
Aristotle's logical programme. 

The modem logician works with two notions oflogical consequence. 
One is semantic: the logician provides an analysis of what it is for an 
arbitrary sentence to be true in a model. Then a sentence P is said to be 
a semantic consequence of a set of sentences X if P is true in every 
model in which all the members of X are true.2 This semantic definition 
of consequence provides an analysis of what we mean by saying that P 
is a logical consequence of X if whenever all the members of X are true, 
P must be true. That is, it provides an analysis of what it is for a 
sentence to follow of necessity from other sentences. The other notion 
of consequence is syntactic. The logician specifies effective rules for 
manipulating symbols of a language and P is said to be a syntactic 
consequence of a set of sentences X if one can move from X to P using 
only the specified rules. Of course, the syntactic rules are chosen with 
the intention that the rules will at least preserve and if possible capture 
the relation of semantic consequence. In modern logic one proves 
formal inferences sound with respect to a semantics. From a modem 

1 The usual translations of logos in this context, e.g. 'discourse', 'argument', are not 
adequate. 'Discourse' may suggest dialogue or conversation which should not be 
present, 'argument' may suggest argumen~tive force which a syllogism need not 
possess (see Chapter .3 below). The problem of translating logos is of course not new. 
Says Goethe's Faust: 'I feel that I must open the fundamental text: must try, with 
honest feeling, to set down in my own beloved German that sacred original. It is 
written: "In the beginning was the Wordl" Already I have to stopl Who will help me 
on? It's impossible to put such trust in the Word! I must translate some other way ifl 
am truly enlightened by the spirit.' 

• See Tarski. 'On the concept oflogical consequence'. 
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perspective, it is a soundness proof which justifies a particular syntactic 
inference. 3 

However, it has become too easy to assume that a syntactic inference 
must be justified by some form of semantical soundness proof. This is 
because logicians have tended to treat formal systems as uninterpreted, 
as a safeguard against theoretical assumptions remaining hidden in the 
underlying logic." The syntactical relation of formal deducibility is 
then defined as a relation between uninterpreted symbols of a formal 
language. The definition of such a relation depends upon an antecedent 
analysis oflogical consequence, such as Tarski's, but, taken strictly as a 
relation among uninterpreted symbols, it is not a consequence relation 
at all. A syntactical relation, however, need not be restricted to un
interpreted symbols of a formal language. Of course, one must be able 
to determine whether a finite string of symbols is a formal derivation 
without recourse to their interpretation. One may nevertheless regard 
the rules of inference and deducibility relation as holding among inter
preted sentences. In so far as the syntactic relation is genuinely one of 
consequence, it must contain a semantic ingredient. 

To understand Aristotle's logical programme, it is crucial to dis
tinguish a syntactic relation from a relation between uninterpreted 
symbols. For if one conflates 'syntactic' with 'uninterpreted', it seems 
one must provide a semantic analysis of consequence which the syntac
tic relation is supposed to capture. Aristotle does not offer a definition 
of 'following from necessity' and then show that the syllogisms are true 
to it. Rather he begins by presenting a few obviously valid inferences 
and invites one to agree that these are cases in which the conclusion 
follows of necessity from the premisses. The syllogisms of the first 
figure -

Aah Ahc Aah Ehc fah Ahc fah Ehc 
Aac Eac fac Oac 

- are said to be perfect (An. Pr. 2.Sb32.ff). A syllogism is perfect if it 
needs nothing other than what is stated to make evident what necessar
ily follows (An. Pr. 2.4b2.2.-2.S). Hence to establish that the conclusion 
of a perfect syllogism follows from the premisses, one should need to 
do no more than state the syllogism itself. For first figure syllogisms, this 
is virtually all that Aristotle does (cf. An. Pr. 2.Sb37-2.6a2.; 2.6a2.3-2.7). 

• See Dummett, 'The justification of deduction'. 
4 For example Kleene says, 'First the formal system itself must be described and in

vestigated by finitary methods and without maIcinB use of an inurpret4tWn of fA. sysum' 
(my emphasis). IntrOtiuaion to MetamlZt!wruztics. p. 69. 
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At Prior Analytics 2.6b2.9 he simply states that it is evident that the 
first figure syllogisms are perfect. No argument is given for their 
validity. For if the syllogisms are perfect, no argument need be given. 

Aristotle also introduces three rules of conversion: 

From Eba infer Eab 
From Aba infer lab 
From Iba infer lab 

He presents them as follows: 

'In universal belonging it is necessary that the terms of the negative 
premiss should be convertible, e.g. if no pleasure is good, then no good 
will be pleasure; the terms of the affirmative must be convertible, not 
however universally, but in part [i.e. to a particular proposition], 
e.g. if every pleasure is good some good must be pleasure; in 
particular belonging, the affirmative must convert in part (for if some 
pleasure is good, then some good will be pleasure); but the negative 
need not convert, for if some animal is not a man, it does not follow 
that some man is not an animal.' (An. Pr. 2.5a5-13) 
'First then, take a universal negative with the premiss ab [Eha]. If a 
belongs to no b, neither will b belong to any a. For if b belonged to 
some a, for example to c, it will not be true that a belongs to no h; for 
c is a h. But if a belongs to every h, then h will belong to some a. For 
if b belonged to no a, neither will a belong to any h: but it was 
assumed that a belongs to all b. Similarly too if the premiss is particu
lar. For if a belongs to some h, then necessarily b belongs to some a: 
for if b belonged to no a, neither would a belong to any h. But if a 
does not belong to some h, it is not necessary that h does not belong 
to some a, e.g. if h is animal and a is man. Man does not belong to all 
animal, but animal belongs to all man.' (An. Pr. 2.5aI4-2.6) 

The point of Aristotle's argument is to get one to recognize these 
inferences not merely as valid, but as obviously valid. The passage 
2.5a5-13 illustrates the three rules of conversion using the terms 'pleas
ure' and 'good'. The intention is that one simply see that the rules of 
conversion are true for these examples and that the examples are illus
trative of valid rules. It would, of course, be a mistake to interpret 
2.5a5-13 as offering a proof of the rules of conversion, forinvalid infer
ence patterns may have particular instances in which the premisses and 
conclusion are true. Consider, for example, 'if some pleasure is not 
good, some good will not be pleasure, therefore the terms of the 
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particular Oca must convert'. Even if some good is not pleasurable and 
some pleasure is not good, this does not justify the convertibility of the 
particular negative premiss in general. One does not know that one has 
taken arbitrary terms, terms that are genuinely illustrative of a valid 
inference pattern, unless one knows that the inference pattern they 
illustrate is valid. But one can recognize Aristotle's examples as in
stances of valid inferences and that is because the inferences they 
illustrate are obviously valid. 

Similarly, the argument which follows in 2.;aI4-2.6 should not be 
viewed as a proof of the rules of conversion from principles which are 
logically or epistemically prior. In this passage Aristotle introduces 
term variables which transcend the problem of knowing that particular 
terms (e.g. 'good', 'pleasure') are genuinely arbitrary and illustrative of 
a valid inference. He also employs both elcthesis and argument by 
reductio ad ahsurdum. Elcthesis occurs in the step: 

'For if h belonged to some a, for example to c, it will not be true that 
a belongs to no h; for c is a h.' (An. Pr. 2.;aI6) 

In my opinion, elcthesis is similar to the use of free variables in modem 
systems of natural deduction. Having assumed that some a's are h, we 
are allowed to select an arbitrary particular instance of a, which is h. This 
corresponds to existential instantiation in natural deduction. So c 
should not be seen as another term variable like a and h, but as an 
arbitrary instance of an a. This view is not uncontentious:5 others 
believe that c should be interpreted as a term variable having as an 
extension those a's that are h. Whichever view of elcthesis is correct, the 
important point for the thesis I am advancing is that one not take 
Aristotle to be giving a proof of the rules of conversion according to 
any logically or epistemologically prior technique. The argument is 
designed solely to display the obviousness of the validity of the rules 
of conversion. Consider, by way of analogy, the modem rule of and
introduction: 'From P and Q, infer P-and-Q.' One would expect that 
anyone who understood conjunction would simply see that this infer
ence is valid. No proof of validity could employ rules more evidently 
valid than this. Still, to make the obviousness of the inference apparent, 
one might argue 'Suppose P and Q but not P-and-Q. If not P-and-Q 
then either not P or not Q, but that is absurd, since one has P and Q.' 

, Cf. e.g. Lukasiewicz, Arutotk's Syllogistic From the Standpoint of Modern Formal Logic, 
pp. s!)-67; Patzig, Aristotle's Theory of the Syllogism, pp. I S6--68; Kneale, TM Develop
ment of Logic, p. 77. 
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This is not a proof of and-introduction from logically prior rules or 
principles: no such proof is needed. With an apparently obvious infer
ence, a doubt may remain whether something has been overlooked, 
whether one has fully understood the inference. The direct derivation 
of an absurdity from supposing the inference invalid reveals that the 
appearance of obviousness is genuine. 

A syllogism is imperfoct if it needs additional propositions set out, 
which are necessary consequences of the premisses, in order to make it 
evident that the conclusion follows from the premisses (An. Pr. 14b14). 
Patzig has noted that this definition presupposes that all imperfect 
syllogisms can be perfected.6 Aristotle does not admit a category of 
unobvious syllogisms per se: syllogisms are divided exhaustively into 
those that are obvious and those that can be made obvious. The per
fection of an imperfect syllogism' P, Q so R' consists in showing how 
one can move from the premisses P and Q to the conclusion R using 
the rules of conversion and first figure inferences (An. Pr. A;, 6). An 
example is the per1c~Lion of Cesare, 'Enm, Aom so Eon', in the second 
figure: 

Since Enm, by conversion, Emn; but since Aom one can form the 
perfect first figure syllogism Celarent 'Emn, Aom so Eon' (cf. An. Pr. 
17a3ff). 

Aristotle's strategy is to isolate a handful of obviously valid inferences 
and justify the remaining inferences by showing that they are redund
ant: one can move from premisses to conclusion without ~em. In the 
three figures Aristotle considers 48 possible pairs of premisses. Aside 
from the perfect first figure syllogisms, he is able to eliminate by 
counterexample all but ten other premiss-pairs aii having no syllogistic 
consequences.7 The remaining ten syllogisms can be perfected: they 
can, in Aristotle's words, be reduced to first figure syllogisms (An. Pr. 
19bI). 

Such a strategy demands a flexible conceptiorr of the means of 
perfection. Most notably, the moods Baroco (,Ad, Oab so Oac') and 
Bocardo (,Obe, Aba so Oac') are perfected by reductio ad absurdum 
arguments (An. Pr. 17a36, 18bI7).8 The problem with these syllogisms 

6 Patzig, Aristotle's Theory of the Syllogism, p. 4S. 
7 See Chapter 4-
• One must be careful to distinguish the reduction of one syllogism to another, which 

uses a reductW ad ahsurdum argument, from a per impossihik syllogism. See e.g. Kneale, 
The Development of Logic, pp. 7«>--9; Patzig, Aristotle'l Theory of the Syllogism, pp. 
144-S6. Per impossihile syllogisms are discussed in Chapter 3. 
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is that since the particular negative premiss does not convert, the only 
possible conversion that can be applied is one from the universal 
affirmative premiss to a particular affirmative premiss. For example, 
with Baroco, the only valid conversion possible is from Ach to Ihc. 
This leaves two particular premisses - Ihc, Oah - and there is no 
perfect inference with two particular premisses.9 Aristotle is thus 
forced to abandon the direct method of perfection he has been using. 
To derive the conclusion Oac, he assumes its contradictory Aac and 
then infers, by the perfect first figure syllogism Barhara, an impossible 
conclusion: 

Suppose Aac, then since Ach it follows that Aah; but that is imposs
ible since Oah; therefore Oac. 

The claim that for any imperfect syllogism' P, Q so R' one can prove 
R from P and Q using only perfect inferences must therefore be 
treated with caution: it is true only if we are willing to countenance 
certain deviant means of perfection that are needed to make the claim 
true. The value of the doctrine of perfection - that all syllogisms are 
exhaustively partitioned into those that are perfect and those that can 
be made perfect - is that Aristotle is able to present a coherent logical 
theory without giving an analysis of the concept of logical conse
quence. For perfect syllogisms one can simply point to their validity; 
for imperfect syllogisms one justifies them by showing how they can be 
perfected. 

The debate that has ensued since Aristotle's time over the obvious
ness of perfect syllogisms has focused on two related issues: (I) What 
is it about the perfect syllogisms that makes their validity evident? (2.) 
What is it about the imperfect syllogisms that makes them less evi
dently valid than perfect syllogisms? 

Knealehas suggested that in first figure syllogisms the terms are 
arranged so that the transitivity of the relations 'belongs to' and 'is 
predicated of' is evident.10 Kneale notes that Aristotle presents two 
distinct formulations of a first figure syllogism. One formulation talks 
of one term being in another as in a whole (2.Sb3I); the other talks of 
one term being predicated of all of another (2.Sb37fl). 

'Whenever three terms are so related to one another that the last is in 
the middle as in a whole, and the middle is either in, or excluded 

, Indeed there is no formally valid syllogistic inference at all with two panicular premisses. 
to Kneale, TII, D,Y,/oPmQlt of Logic, p. 73. 
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from, the first as in or from a whole, the extremes must be related by 
a perfect syllogism ••• If a is predicated of all h and h of all c, a must 
be predicated of all c .• .' (An. Pr. 2.Sb31-39) 

In these formulations, Aristotle reverses the order in which the terms 
are presented, thus preserving the obviousness of the transitivity of 
each relation. If this analysis of why Aristotle called the first figure 
syllogisms perfect is correct, then, as Patzig has said, the debate over 
what makes perfect syllogisms perfect has occurred in a misleading 
context. l1 For the traditional formulation of a syllogistic premiss 'All 
a's are h's' rather than the Aristotelian 'h is predicated of all a' or 'h 
belongs to all a', in conjunction with the presentation of the syllogistic 
premisses in the same order as Aristotle presented them, destroys the 
very feature of the first figure inferences that is supposed to make them 
perfect. 

What I should like to argue, however, is that these questions - of 
what it is that makes first figure syllogisms perfect and whether or not 
the second and third figure syllogisms are less obviously valid - though 
of interest in themselves, are irrelevant to the development of Aristotle's 
logical programme. All that is crucial to his programme is that there be 
agreement that the first figure syllogisms are obviously valid. One need 
not know why. If Aristotle was unable to provide an explicit analysis of 
the relation 'follows of necessity', and took it as primitive, he may 
equally well have been unable to articulate what it is to follow obvious
ly of necessity. Further, Aristotle is far less committed to the unob
viousness of the imperfect syllogisms than he is to the obviousness of 
the first figure syllogisms. For the first figure syllogisms form the basis 
of a logical programme that is carried out in the absence of an analysis 
of the concept of syllogistic consequence. 

Because Aristotle did not offer an analysis of 'follows of necessity' 
there is an indeterminacy in the strength of this consequence relation. 
This is reflected in the fact that for any terms a, h, c 'Aah & Ahc=> 
Aac' will be true if and only ifin every interpretation in which Aah and 
Ahc are both true, Aac will be true. A similar situation holds for every 
valid syllogistic inference. Thus, for every syllogism, the syllogism 
will preserve truth for any substitution of terms in the language if and 
only if in every interpretation in which the premisses are true, the con
clusion is true. It would be anachronistic to ascribe to Aristotle a 
modem conception of semantic consequence: the concept of a language 

11 Pawg, Aristotk's TIuory of tI.e Syllogism, pp. S7~J. 



8 Syllogistic consequence 

having various interpretations is too recent and hard-won a discovery. 
Rather, Aristotle is working with the presemantic idea of interpretation 
by replacement: a statement-form is seen to have various instances. One 
obtains an interpretation of a syllogistic formula by substituting specific 
terms, of the appropriate logical category, for the schematic letters. 
Every syllogistic inference is valid under replacement in that for every 
substitution of terms which makes the premisses true, the conclusion is 
true.12 This, however, only sets a lower bound on the strength of the 
syllogistic consequence relation. One cannot recover the precise 
strength of the relation of following of necessity. 

Why was Aristotle able to take 'follows of necessity' as a primitive 
notion? One trivial reason is that there is a sufficient variety of Greek 
common nouns. When Aristotle wishes to show, for example, that the 
rule of conversion 'From Oac infer Oca' is invalid, he uses the terms 
'animal' and 'man' (An. Pr. 2.5a12, 2.5a2.2.ff). Not all animals are men, 
but it does not follow that not all men are animals. To show the validity 
of the other rules of conversion, Aristotle used the terms 'pleasure' and 
'good'. These terms are inappropriate to reveal the invalidity of 'From 
Oac infer Oca' because, arguably, some pleasure is not good and some 
good is not pleasurable. Imagine for a moment that all common nouns 
in Greek happened to be such that if Oac is true, then Oca is true. 
Aristotle would have had to resort to some form of semantical argu
ment by interpretation if he were to establish the invalidity of this 
inference. A more substantial reason is that Aristotle is willing to 
expand the means of perfection. Suppose, for example, that Aristotle 
was not acquainted either with argument by reductio ad ahsurdum or 
with ekthesis. A problem would then arise with the perfection of 
Baroco or Bocardo, for, as we have seen, neither can be perfected in the 
normal way, by a series of conversions. Because he is willing to 
countenance deviant methods of perfection, Aristotle is able to take 
'follows of necessity' as a primitive. For he is able, by hook or by crook, 
to reduce the unobvious syllogisms to the obvious; and the obvious he 
is content to leave unexplained. 

Whatever the strength of the consequence relation, a syllogism is 
something that has structure as well as semantic force. Lukasiewicz and, 
following him, Patzig, have argued that the syllogism is not an infer
ence from premisses to conclusion, but a conditional in which the 
premisses function as a conjunctive antecedent and the conclusion as a 

12 For a discussion of validity under replacement, see Michael Dummett, Elements of 
Intuitionism, pp. ~18ff. 
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consequent.13 For example, the syllogistic mood Barhara is treated not 
as an inference, but as a single sentence 'If Aah and Ahc then Aac.' This 
interpretation has already been seriously discredited by Smiley and 
Corcoran,14 but it is nevertheless worthwhile for the present inquiry to 
see what is wrong with it. First, the opening sentence of the Prior 
Ana/ytics states that the scope of inquiry is proof (2.4a1o) and one can
not make sense of the claim that a proof is a type of syllogism (2. S b2.8ff') 
if one treats a syllogism as a conditional. A proof is an argument, with 
definite structure, from several sentences functioning as premisses to a 
conclusion. It is not a single sentence. Second, Aristotle's distinction 
between direct and per impossihile syllogisms refers solely to the manner 
in which conclusions are derived. In a per impossihile syllogism 
Aristotle says that one supposes the contradictory of what one wishes 
to prove and then derives an admittedly false conclusjon (An. Pr. 
62.b2.9-31; 4Ia2.3-2.4).15 For example, to prove Ahd one argues: 

Suppose OM, then since Abc, it follows that Ocd; but Aed; therefore 
AM. 

(The premisses are in bold type.) Aristotle shows that the premisses of 
this per impossihile syllogism provide the premisses for a direct syllog
ism with the same conclusion: 

AhcAcd 
AM 

Aristotle shows that any conclusion that can be derived by a direct 
syllogism can also be derived, from the same premisses, by a per 
impossihile syllogism. Conversely any conclusion that can be derived by 
a per impossihile syllogism can also be derived, from the same premisses, 
by a direct syllogism (An. Pr. 4Sa2.6, 62.b39; An. Pr. BII-14).16 This 
distinction therefore requires that one attribute to the syllogism an 
argumentative structure which a conditionallacks.17 
13 Lukasiewicz, Arirtotk's Syllogistic, pp. »-30; Patzig, Aristot/~' s Tluory of the Syllogism, 

pp. 3-4· 
1. Smiley, 'What is a syllogism?'; Corcoran, 'Aristotle's natural deduction system'. 
15 Clearly, Aristotle's description of a p~r impossihile syllogism differs from the traditional 

account of a per impossihik in which it is emphasized that one is deriving a contradiction 
from a supposition and a set of premisses. Cf. J. N. Keynes, Studies and Ex~rcis~s in 
Formal Logu:, section Z57. For a discussion of this see Chapter 3 below. 

16 See Chapter 3. 
17 Further, the evidence Lukasiewicz and Patzig adduce is unconvincing. The evidence 

consists in the presence of the Greek word for 'if' (El) before a statement of the 
premisses and the absence of the Greek word for 'therefore' (4po.) before the state
ment of the conclusion. However, that at a later time the word 'therefore' is conven
tionally used to mark that the conclusion of an inference is being drawn does not, of 
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A proof, for Aristotle, is a syllogism which enables one, simply by 
grasping it, to gain knowledge of the conclusion (An. Pst. 7IbI8ff). 
The premisses of a proof must possess certain important properties; for 
instance, they must be true, explanatory of, better known than and 
prior to the conclusion (An. Pst. 7Ibzo). A syllogism in which the 
premisses had all the requisite properties would be a proof. It follows 
that a syllogism cannot merely consist in a relation of semantic conse
quence between premisses and conclusion. For if one simply states the 
axioms of a theory and a non-trivial semantic consequence P, there may 
be no way to tell whether P follows of necessity from the axioms. One 
cannot prove, for instance, that every triangle has interior angles equal 
to two right angles (Euclid 1-3z) merely by stating Euclid's postulates 
and then the theorem. A proof has a structure which reveals that the 
conclusion must be true if the premisses are. Therefore a syllogism 
must have a structure such that if the premisses had the appropriate 
properties one would be able, simply by studying the syllogism, to see 
that the conclusion is true. Must not a proof be a perfect (or perfected) 
syllogism? Curiously Aristotle does not mention this when discussing 
the properties a syllogism must have to be a proof (cf. An. Pst. A2-33). 
The reason, I think, is because every imperfect syllogism is perfectible. 
Any imperfect syllogism already has a structure such that it is possible 
to interpolate intermediate deductive steps designed to make it evident 
that the conclusion is a consequence of the premisses. 

A syllogism should thus be thought of as a deduction, an entity 
which possesses a structural as well as a semantic relation between 
premisses and conclusion. Aristotle's project is to prOvide a formal 
analysis of the non-formal deductions with which he was familiar. 
Indeed, there is an ambiguity in Aristotle's use of the word 'syllogism' 
similar to that in the modem use of the word 'deduction'. There is, 
first, the use of 'syllogism' in the broad sense of the definition as a logos 
in which, certain things being posited, something other than what is 

course, imply that at a period before the convention is in use the absence of 'therefore' 
should be taken as evidence that an inference is not being made. Further, there is no 
need to take 'if' (£l) as the hallmark of a conditional: it could equally well signify 
that the premisses are to be supposed or entertained. Even in contemporary English, 
the use of 'If ... then •. .' is neither criterion that one has stated a conditional nor that 
one has not drawn an inference. If one were actually reasoning validly, rather than 
remarking on the validity of an inference, the use of 'If ... then •• .' would not be 
unnatural. >Whether or not the statement should be interpreted as a conditional or an 
inference would depend upon the context of utterance and not merely on that particular 
mode of expression. For a development of this and other criticisms of Lukasiewicz, see 
Smiley, 'What is a syllogism?'. 
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posited follows of necessity from their being so (An. Pr. 241J18). This 
corresponds to our use of' deduction' in the general sense of an informal 
argument in which the conclusion is a logical consequence of the 
premisses. There is, in particular, no reference to the number of prem
isses, the number of inferences or their form. Second, there is the use of 
'syllogism' in the narrow sense, used to describe the formal inferences 
and chains of formal inferences that Aristotle isolated. In a similar 
fashion, we use 'deduction' to refer to formal deductions of a particular 
logical system. This ambiguity is tolerable since the value of the formal 
syllogistic is supposed to derive from the fact that a syllogism in the 
broad sense can be represented as a syllogism or chain of syllogisms in 
the narrow sense.18 

Aristotle's understanding of the syllogism is analogous to the 
modern logician's understanding of a computable function. The mod
ern logician has an intuitive, perhaps vague, idea of what it is for a 
function to be computable. He also has a mathematically precise defini
tion of a recursive function. Church's thesis, which asserts that the 
computable functions are the recursive functions, offers a mathematical 
analysis of the intuitive notion of computability. Similarly, Aristotle 
h~d an intuitive understanding of discourse in which certain things 
followed of necessity from others and, in Prior Analytics A4-6, he was 
able to isolate a mathematically precise system of formal inferences. In -~ 

the beginning of Prior Analytics A4, Aristotle says that he can state how 
all syllogisms come to be (2Sb27). In Prior Analytics A23 he argues 
that all syllogisms without qualification come about through the three 
figures (4ob2o). This is not a claim that any logical consequence 
relation can be formalized as a syllogistic proof: for, unlike the modern 
logician, Aristotle is not working with two distinct conceptions of 
consequence, one semantic, one syntactic. To be a syllogism, even in 
the broad sense, is to have structure as well as to express a consequence 
relation. Rather, the claim is that any direct deductive argument can be 
expressed as a series of syllogistic inferences.19 Aristotle is declaring 
that any non-formal deduction, such as the proof that a triangle has 
interior angles equal to two right· angles, can be recast as a formal 
deduction. One might call this claim 'Aristotle's Thesis'. 

Unlike Church's thesis, which is tested empirically by showing that 

18 I shall use 'syllogism' as Aristotle uses 'ulI)J.oy,up.Os· and I shall reserve the word 
'syllogistic' for cases in which I wish to speak specifically of the formal inferences in 
the three figures. 

19 Aristotle excepts hypothetical syllogisms; see Chapter 3. 
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particular functions recognized as computable are all recursive, 
Aristotle does not try to formalize particular deductions, but rather 
presents an abstract argument for his thesis. He assumes that the con
clusion of every non-formal deductive argument - every syllogism in 
the broad sense - is essentially of the form of a syllogistic formula, i.e. 
Ahc, Ehc, Ihc or Ok He then argues proof-theoretically that the only 
way such a conclusion can be directly derived is through premisses 
which link the terms of the conclusion through a middle term relating 
them (An. Pr. 4ob3O-4Ia2.0). The ways in which the terms of the con
clusion can be related by a middle term correspond, as Aristotle sees it, 
to the three figures (An. Pr. 4IaI4ff). 

It is now easy to criticize the assumption that the conclusion of every 
deduction is in syllogistic form. Lukasiewicz and Mueller have argued 
that though Aristotle understood that the validity of an argument may 
depend on its form, he did not seriously consider how a particular 
deduction can be formalized.20 Mueller argues that Aristotle's transla
tion of non-formal statements into syllogistic formulas was so casual 
that he was not in a position to recognize that his favourite geometrical 
theorem - that a triangle has interior angles equal to two right angles 
(Euclid 1-31.) - cannot be rendered as a syllogistic formula. The picture 
that emerges from the Lukasiewicz-Mueller critique is of an Aristotle 
concerned with formal validity, but not with formalization. 

However, not all the evidence supports this view. In Prior Analytics 
A 35, Aristotle warns one not to try always to set out syllogisms using 
particular terms: . 

'We must not always seek to set out the terms in a single name: for we 
shall often have complexes of words (A6yot) to which a single name 

. is not given. Hence it is difficult to reduce syllogisms with such 
terms. Sometimes too it will happen that one will be deceived because 
of such a search, e.g. the belief that syllogism can establish that which 
has no middle. Let a stand for two right angles, h for triangle, c for 
isosceles triangle. a then belongs to c because of h: but a belongs to h 
without the mediation of another term: for the triangle in virtue of 
its own nature contains two right angles, consequently there will be 
no middle term for the proposition ah though it is provahle. For it is 
clear that the middle must not always be assumed to be a particular 
thing, but sometimes a complex of words, as happens in the case 
mentioned.' (An. Pr. 48a2.9-39) 

•• Lukasiewicz, Aristotle's Syllogistic, pp. 15-19; Mueller, 'Greek mathematics and Greek 
logic'. 
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This passage does not refute the Lukasiewicz-Mueller critique, but it 
does weaken i t. It is true that Aristotle here allows that the conclusion of 
Euclid 1-32 has the form Aba. However, he specifically~am!!that one 
mui£not try toJiild a-syI1og1Sttcproo(~(it,_!!!~:,:!g~_heaJs~admit~ ~t 
the'conCfu.s"i:on"is·"provabTe."lIis;;;orry is' precisely formalization. 
Tho~gh AriSt~i:i~ do~s"'thiilk that 'Every triangle has interior angles 
equal to two right angles' has the form of a syllogistic formula, he is not 
thereby led to believe that the proof of it is formalizable. 

How is one to reconcile this passage with the argument of Prior 
Analytics A23? I do not believe there can be a reconciliirlon;for-the 
teiisl0niliai-eXists~between these two is not superficial. At best one can 
hope to explain why this tension exists. I would like to offer the follow
ing conjectures: First, Aristotle shares with contemporary logicians a 
primary interest in metalogic. He uses the syllogistica~modem logic
ians use. the predicatecalculus; notas' a -tooiwithwhic}.t one actually 
formalizes mathematical proofs, but rather as in object about ~hich one 
can reason in: order-iogalnTrisiglit'into-the st~u:chi~e'of p;oof. In order 
to believe' 'iliaT th{;-stilclyofa 'parrlcufar'formoil system can-~he~night on 
the nature of proof, one must believe that proofs are formalizable 
within it. Aristotle differs from modem logicians in not having a sys
tem capable of formalizing mathematical proofs. However, it would be 
just as important to him as it is to modem logicians to have an argu
ment to show that his formal system was adequate for the expression of 
proofs. 

Second, if Aristotle is to presenta unified and coherent logi~1!h~9ry 
without givingan~alysis-oftlie-concept of following of necessity it is 
essential that all deductions, non-formal and formal, be systematically 
related to the perfect syllogistic inferences. Aristotle has provided (i) 
an analysis of the three syllogis~~ __ fi.g1!J:~~~ich:.~,t!.d_l:lc:..~s_Jmpc:!fe.(;t 
infe!:.e.IJ.~estQ R~~'f~£tQ!l.es.;~i;W or) an argument that the three syllogistic 
figures are adequate for the expression of all non-formal deductions. If 
that argument were valid, it would follow that any deductive conse
quence of any set of premisses can be reached by a series of obviously 
valid inferences. For any deduction could, in theory, be expressed as a 
chain of syllogistic inferences and those formal inferences could be 
perfected. In one's actual deductive practice one may move quickly, 
making large inferential steps with, perhaps, a passing reference to 
theorems already proved. But this practice is licensed, for Aristotle, not 
by an analysis of consequence, but by the guarantee that, in doubtful 
cases, any non-formal deduction can be formalized, and any formalized 
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deduction can be perfected - transformed into an argument in which 
every step follows obviously. 

Were this not thought to be possible, Aristotle would not have been 
able to take 'follows of necessity' as primitive and justify all deductive 
arguments by recourse to the obvious. He would have had to supply an 
analysis of the concept of syllogistic consequence and this, I believe, he 
was not in a position to do. 



2 

Completeness and compactness1 

A logic is complete if given any logical consequence P of a set of prem
isses X, there is a formal deduction from X to P.2 The completeness of 
a logic ensures that its proof procedure is adequate to reveal all logical 
consequences. A logic is compact if given that P is a logical consequence 
of X, then P is a logical consequence of some finite subset of X. If X is 
finite, then the subset may be X itself. The compactness of a logic is 
important in those cases in which X is infinite; since then a compactness 
theorem guarantees that a finite proper subset will logically imply P. 
This guarantee is crucial to the proof of completeness. A formal proof 
has only finitely many steps and each step has only finitely many 
premisses. Thus a proof can at best display a logical consequence of a 
finite set of premisses. If compactness fails, there is no hope of the 
logic being complete. 

Since, as I argued in the previous chapter, Aristotle had a unified 
notion of logical consequence - not the bifurcated notion of semantic 
and syntactic consequence - the search for a completeness or compact
ness proof in the Analytics may appear paradoxical. For, from the 
perspective of modem logic, the point of a completeness theorem is to 
establish the extensional equivalence of two distinct consequence 
relations.3 Further, consciousness of the distinction between syntactic 
and semantic consequence - and therefore of the need to prove com
pleteness - is very recent. Although F rege respects the distinction be
tween syntax and semantics, he is not explicitly aware ofit." It would be 
anachronistic to attribute to Aristotle the ability to raise the question of 

1 This chapter is a revised version of my article, 'Aristotle's compactness proof', which 
appeared in The Journal of Philosophy, 1979. 

2 Often a definition of completeness only requires that every valid formula be provable .. 
In 50 far as a logician is primarily concerned with capturing the relation of logical 
consequence, such a definition is inadequate. See Dummett, Prege: Philosophy of 
Language, pp. 430-41. 

• See Dummett, 'The justification of deduction'. 
• See Dummett, Frege: Philosophy of Language, pp. SI-Z. The development of an 

awareness that there is a problem of completeness has an intere'sting history. Though 
Skolem all but proved completeness - it is a trivial corollary of his 19ZZ theorem - he 
did not then even see it as a problem. See Wang, 'A survey ofSkolem's works in logic';' 
Wang, From Mathematics to Philosophy, pp. S-I1. 
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completeness, which depends on an awareness of the syntax/semantics 
distinction. 

Nevertheless, Aristotle is able to address a problem analogous to 
completeness. Let us say that the syllogistic is complete with respect to 
deduction if every deductive argument can be represented as a series of 
syllogistic inferences. Is the syllogistic complete with respect to deduc
tion ? Can every syllogism, in the broad sense of the term, be expressed 
as a series of syllogistic inferences? As mentioned in the last chapter, 
Prior Analytics Al.3 tries to offer an affirmative answer in a rather grand 
style. The conclusion of every deduction is assumed to have the form 
of a syllogistic formula and the deduction itself is said to link the terms 
of the conclusion in a way which corresponds to one of the three 
syllogistic- figures. 

In Prior Analytics Al.5 Aristotle argues that a deduction with an 
arbitrary finite number of premisses can be expressed as a series of two
premissed syllogistic inferences. Unfortunately, Aristotle begs the 
question by assuming that nothing follows from a set of premisses that 
does not follow when the premisses are taken a pair at a time.S How
ever, he at least confronted the problem of deductions from an arbitrar
ily finite number of premisses; and in so doing he seems far more mod
ern than those, following in the so-called Aristotelian tradition, who 
simply assumed a syllogism to have two premisses. 

Could Aristotle have addressed a problem analogous to compact
ness? One might well be sceptical. For if one's understanding of conse
quence is tied to the notion of a deductive argument, it appears that one 
could only conceive of a sentence being a consequence of a finite 
number of premisses. To raise the question of compactness one must be 
able to envisage the possibility of a sentence being a logical consequence 
of an infinite number of premisses. This seems to require that one have 
an independent conception of semantic consequence. Without such a 
conception it seems that Aristotle would be forced to leave his com
pleteness proof dangling with the case of deductions from arbitrarily 
finite numbers of premisses, denied even the opportunity to pose one cif 
the most interesting problems in a completeness proof. 

Such a pessimistic view is, however, unwarranted: Aristotle was not 
a prisoner of these conceptual constraints. The question of how many 
steps are required to prove a conclusion can be asked seriously only 
after one has a formal system, such as the syllogistic, in which to present 
proofs. The syllogistic requires that proofs be finitary. Since there are 
5 For a critique of this argument, see Smiley, 'What is a syllogism?'. 
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no infinitary rules of inference, there is no way to express within it a 
proof requiring infinitely many premisses. Does the finitary nature of 
syllogistic proofs impose any limitation on the formation of syllog
isms? This problem, the analogue of compactness, arises within the 
theory of proof. Suppose one has a syllogistic proof in which not all the 
premisses are principles. For example, suppose one has the syllogism 

Ahco Acod 
Ahd 

in which only the premiss Ahco is a principle. To try to prove the 
premiss Acod one augments the syllogism: 

ACOc1 ACId 
Ahco Acod 

AM 
If either of the premisses ACOcl or Acld is not a principle one continues 
this process by supplying a proof of it. This process terminates when 
all premisses of the syllogism are principles. In Posterior Analytics A19-

2.2. Aristotle offers an analogue of a compactness proof. He argues that 
the process of improving a proof by providing proofs of all demons
trable premisses will always terminate after finitely many 'steps. It 
follows that the finitary nature of syllogistic proofs imposes no limit on 
the amount of knowledge that can be gained through proof. 

Any genuinely infinite proof must include steps with infinitely many 
premisses. For, by Konig's lemma, any finitely-branching tree can have 
infinitely many nodes only if there is at least one infinite branch running 
through the tree. For example, in the syllogistic one could imagine a 
structure: 

" 

(IT) 

Abd 

" 
" " ". 



18 Completeness and compactness 

where the nodes were syllogistic formulas and the formation 

V 
represented an immediate syllogistic inference. Now if there were 
infinitely many nodes above the conclusion Ahd, then since every infer
ence is from two premisses, there would have to be an infinite branch; 
in 7T it is symbolized as the right-hand branch. But then 7T could not be a 
proof. For a proof must begin from axioms or principles, and the 
infinite branch in the proof tree is an infinitely 'backwards running' 
series from the conclusion. As a proof, 7T could never get started. (In 
logician's terminology, a proof must form a sequence and the infinite 
branch provides an infinitely descending series, which is impossible by 
the definition of sequence.) Thus an infinite proof must be one with 
infinitary rules of inference. 

Given the formal structure of the syllogistic, for there to be con
clusions that would be demonstrable only if one countenanced infinit
ary proofs, there would have to be infinitely long chains of predication 
of certain sorts. Aristotle asks three questions about the nature of predi
cation (An. Pst. 8rb3o-82a7). 

(r)- Can there be an infinite chain of predication 'ascending' from a 
fixed subject? Let h be a subject of predication that itself cannot be 
predicated of another subject. Suppose Co applies immediately to h. 
Might there not be an infinite series cOc1 ••• such thar for all n, Cn+! 
applies to Cn? 

(2) Can !here be an infinite chain of predication 'descending' from a 
fixed predicate? Suppose h is a predicate which is not the subject of any 
predication, but which applies immediately to co. Might there not be an 
infinite series COC1 ... such that for all n, Cn applies immediately to 
Cn+1? The question is whether there is an infinitely descending chain of 
predication never terminating in an ultimate subject. 

(3) Can there be an infinite number of middle terms between two 
fixed extremes? 

Suppose that the answer to (r) were affirmative; i.e. that there was an 
infinitely long chain of predication COC1 ••• ascending from a fixed sub
ject h. Given the appropriate principles, one could then prove Ahc!> 
Ahc2 ••• Ahcn . ... For example, 

Ahco ACoc1 
Ahc1 Ac1cz 

Ahc2 

In general, for any n, the proof that Ahcn would take only n steps. While 
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there would be an infinite number of predicates for which it is possible to 
prove that b is the subject, each of the proofs would be of finite length. 

An affirmative answer to (2) would create a situation symmetrical to 
that just described. Given principles of the form Acob and ACn+1Cn, for 
any n one could prove Acnb. However, each such proof wquld be of 
finite length. For any n the proof that Acnb would require n steps. 

Finally, suppose one could construct an infinitary proof. If one were 
to answer (3) affirmatively there might be conclusions which could be 
demonstrated from principles only through an infinite number· of 
middle terms. Imagine, for example, a series bCOcl ••• cwd. If one were 
to try to prove Abd, one would need some form of omega-rule of 
inference,e.g. 

Abco AcOc1 ••• ACn_1Cn ... AcW_1cW. Acwd 
Abd 

A negative answer to (3) shows that even if one were to countenance 
infinitary proofs, there would be no new conclusions one could prove 
thereby. If there are only finitely many middle terms between any 
appropriate principles and conclusion, then an infinitary proof is not 
simply beyond our conceptual grasp or too complex for the formalism: 
it is unnecessary. Of course, Aristotle is not concerned with the possi
bility of infinitary proofs: he is trying to show that the process of 
proving demonstrable premisses will terminate after finitely many 
steps. His argument provides a fundamental test of the adequacy of the 
syllogistic. 

Why should Aristotle have bothered with questions (1) and (2)? His 
strategy in Posterior Analytics A20 is to argue that negative answers to 
(1) and (2) entail a negative answer to (3). If the chains of predication as
cending from a given subject or descending from a given predicate both 
terminate, then there cannot be an infinite number of middle terms. 

'If d is predicated of b and the terms in between - the c's - are infin
itely many, it is clear that it would be possible both that from d 
downwards one thing should be predicated of another ad infinitum 
(for before b is reached there are infinitely many terms in between), 
and that from b upwards there are infinitely many before d is reached. 
Hence if these things are impossible, it is also impossible for there to 

be infinitely many terms between d and b.' (An. Pst. 82a24-30)6 

6 I translate '/11T£IP0s' as 'infinite' rather than Barnes' 'indefinite'. While Barnes ad
mirably wishes to stress Aristotle's conception of the infinite as potential, I think 
Aristotle's argument is clearer if one simply translates '/11T£IPO~' as 'infinite' and notes 
that Aristotle construes the infinite potentially. 
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If this passage simply asserted that if there are an infinite number of 
middle terms separating subject and predicate then one can make an 
infinite number of predications starting from the ultimate subject or 
ultimate predicate, the argument would be invalid. If there is an infinite 
series of middle terms COC1 ••• between hand d it does not follow that if 
one starts from h or from d there will be an infinite number of predica
tions before one reaches the other term. Let the series of middle terms 
COC1 ••• form an omega sequence. In such a case if one starts from h and 
successively predicates middle terms of h, there will be an infinite 
number of predications before one reaches d. But if one starts from d 
and moves down the chain of middle terms one will predicate d only of 
a finite number of middle terms before one reaches h. Though there are 
an infinite number of middle terms, an infinite series of predications can 
occur in only one direction. As soon as one predicates d of any subject 
in the series, there will remain only a finite number of middle terms 
between that subject and the ultimate subject h. (This is because there 
is no subject to which d immediately belongs.) Similarly one could 
invert the sequence of middle terms h ... CnCn_l ••• cod, so that there 
would only be a finite number of predications from h to d yet an 
infinite number of predications from d to h. 

One might think that the conception of there being infinitely many 
predications from h to d, but only finitely many from dback to h would 
appear paradoxical in the absence of Cantor's theory of transfinite well
orderings. Yet Aristotle's argument embodies an implicit understand
ing that the existence of an infinite number of middle terms is not in 
itself sufficient for there to be infinite chains of predication. Aristotle 
insists that a negative answer to (3) is implied by the conjunction of 
negative answers to (I) and (2.). If an infinite number ofpredications in 
one direction implied there was an infinite number of predications in 
the other direction, one could validly argue that a negative answer to (3) 
was implied by a negative answer to (I) or a negative answer to (2.). 
That Aristotle correctly demands a conjunction, not a disjunction, of 
negative answers is evidence that he did not think an infinite series in 
one direction implies an infinite series in the other. 

The idea of a series of predications being infinite in one direction, 
but finite in the other, is now derived from and explained by Cantor's 
theory of transfinite orderings. Aristotle, interpreting statements about 
infinity potentially, rejected the concept of actual infinity.7 Thus it 
might appear odd to ascribe to Aristotle a conception of the infinite 

7 See Physics r 6. 
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that is now associated with acceptance of the notion of the actual infin
ite. However, it is in fact quite natural both to conceive of infinity 
potentially and to hold that a series that is infinite in one direction need 
not be infinite in the other. If the infinite is construed potentially, then 
to say that one can assign a subject h to an infinite series of predicates 
CoC1 ••• is to say that one can assign h to the predicates COCl ••• without 
end. The process never terminates. Similarly, to say that one can predi
cate d of an infinite series of subjects COC1 ••• is to say that the process of 
predicating d of subjects will never terminate. Thus to envisage the 
possibility of there being infinitely many middle terms with it possible 
to make an infinite series of predications in only one direction, Aristotle 
would have had to conceive of a process which never terminates, but 
the inverse of which terminates after only finitely many steps. Aristotle 
knew of such a process: counting. The process of counting natural 
numbers never terminates, but at any point there are only finitely many 
steps back to o. . 

Notice also that question (3) has a significantly different structure 
from questions (I) and (2). Question (3) does not ask whether there 
can be infinitely ascending and descending chains of predication. 
Rather it asks: 

'Is it possible for the terms in between to be infinitely many if the 
extremes are determined? I mean, e.g., if d belongs to hand C is a 
middle term for them, but for C and d there are other [middle terms], 
and for these others, is it possible for these to go on ad infinitum, or 
impossible? This is the same as to inquire whether there is proof of 
everything or [whether some terms] are bounded by one another.' 
(An. Pst. 82a2-8)8 

Given fixed extreme terms, an infinite series of middle terms must, for 
Aristotle, be dense. Why is this? 

If one takes the infinite to be potential, then an infinite chain of 
predication would be thought of in terms of a never ending process of 
moving through the chain. As with the natural numbers, this is clearly 
possible even if all the terms in the chain are contiguous. If the infinite 
is interpreted actually, it is only when one has an infinite series of 
predications in both directions that contiguity must fail. 'Consider, for 
example, a chain of predication hC1C 2 ••• C(JJ ••• C2c1d. In such a series 

• I translate 'a.".&1J •• ~.S" as 'proof' rather than 'demonstration'. The problem is not 
with the ancient Greek, but with modem English. 'Demonstration' is rarely used in 
discussing proofs and when used it often has a technical sense. 
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there are infinite chains of predication in both directions, but the series 
becomes dense by c'" which has no immediate predecessors. (Such a 
series is dense at a point c"" in that, if from c'" one selects any term C1, 

there will always be middle terms c, between Cw and C1.) However, 
interpreting the infinite potentially, it seems one could conceive of an 
infinite chain of predication in both directions without the failure of 
contiguity. One would only need to think of the process of assigning h 
to successive predicates and the process of predicating d of successive 
subjects never terminating. It is not obvious why one could not imagine 
the processes in both directions moving through contiguous terms 
without end. For no matter from which extreme term one began 
making predications, one would never reach the limit stage c"'. 

I think, however, that the Aristotelian conception of the infinite is 
such that if the two extremes of a series are fixed, the only way the 
series could be infinite is if the series becomes dense at some point 
between the two extremes. That is, if the extremes band d are fixed, the 
series hco ••. d can be infinite only if some segment of it Ct ••• C1 is 
dense in the sense that any two members of it are separated by another. 
(I.e. let c, < C1 when Actc1 but not AC1c,; then the segment Cl ••• C1 is 
dense if whenever c,<Cp<Cq<C1 there exists Cle such that cp<Cle<Cq.) 

Aristotle's construal of the infinite as potential dictates such an inter
pretation. To say that a process will terminate is, for Aristotle, equival
ent to saying that it will terminate after finitely many steps. The con
cept of a process terminating after infinitely many steps is one Aristotle 
would reject. He distinguished at least two distinct types of infinite 
process: (a) the process of addition, e.g. counting through the natural 
numbers; (b) the process of division, e.g. successively dividing the 
space between 0 and I. If only one extreme term is fixed, one can imag
ine an infinite series of predications as a process of addition, moving 
through an unending series of contiguous terms. But if both extreme 
terms are fixed, then a limit is set for both processes of predication. 
That both processes of predication terminate in limits implies that 
Aristotle could not think of them in terms of addition. On Aristotle's 
conception of the infinite, it would be most natural to think of there 
being an infinite number of middle terms between two extremes as a 
process of division. Given middle terms Ct, C1 one can find middle terms 
Cle such that C,<Ck<CJ' . 

Further, there are proof-theoretic reasons for taking an infinite 
series of middle terms between two fixed extremes to be dense. Con
sider an expanded proof in the favoured form Barbara: 
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(iv) 
(iii) 
(ii) 
(i) 

The conclusion Ahd establishes the extremes of a chain of predication 
that is expanded by interpolation at every level as one moves up the 
proof tree. The form of the expansion is: 

line (i): < h, d> 
(ii): < h, co, d> 

(iii): <h, CH co, C2, d> 
(iv): < h, C3, CH C,., co, cs, C2, C6, d> 

At every stage a new term is interposed between every term in the 
chain established by the preceding stage. Thus if each branch of the 
proof were infinitely long, the proof tree as a whole would form a dense 
linear chain of predication. 

Given an extended proof in Barhara, two terms in the associated 
chain of predication would be contiguous only if some branch through 
the tree terminated after finitely many steps. If the chain of predication 
were discrete, all branches would be finite and so too would be the 
proof and the associated chain of predication. If there are an infinite 
number of terms between the two fixed extremes b, d established by 
such a proof, then though some of the terms may be contiguous, at 
some point the chain must become dense. 

Aristotle says that asking whether there can be an infinite number of 
middle terms between two fixed extremes is the equivalent of inquiring 
'do proofs proceed to infinity, i.e. is everything demonstrable?' (An. 
Pst. 82a7). To claim that everything is demonstrable is, I think, to 
claim that in an attempted proof one never reaches principles. Given 
any premiss it can be derived from other premisses. This is precisely 
the situation that would arise if the series of middle terms were dense. 
Suppose one had a proof of Ahd that moved through a dense series of 
middle terms < Cj >. Consider any premiss in the proof Aqcj. This 
premiss could not be a principle because for any Cl, Cj there are <CIe> 
(i<k<;.j), such that <CIe> stand as middle terms. between Cl and Cj. 
With premisses that connect the extreme terms the situation is the 
same. Given a premiss of the form Abci'there are <CIe> such that k<i 
through which Cl applies to h. With a proof of the form: 

Abc, ACiCj 
Ahcj 
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one could always expand it by deriving both of the premisses: 
Ahcle ACkci ACicn ACnC! 

Ahc; Actc! 

Ahc! 
These newly introduced premisses can themselves be derived. 

It is only when the series of middle terms is dense that everything is 
demonstrable. If one had a sequence h'-1'-2 ••• Cw ••• c2c1d (which is 
dense at a point cw), there would be infinite chains of predication in both 
directions, but not every premiss could be derived from other pre
misses. Even if one were to have a proof of Ahd, and even if the proof 
were infinitary, there would have to be some premisses of the form 
Actc! that could not be derived from other premisses. For there are 
middle terms that are not themselves mediated by other middle 
terms. 

Aristotle asks whether proofs proceed to infinity, whether everything 
is demonstrable (An. Pst. 82a8). Everything is demonstrable if and only 
if the series of middle terms is dense. However, strictly speaking, with 
a dense series, there could be no proof of any length. Everything would 
be demonstrable in the sense that any premiss could be derived from 
other premisses, but nothing would be demonstrable in the sense that 
one would never reach principles from which the proof could proceed. 
Any two terms are separated by middle terms and so that one is predi
cated of the other can be inferred. In showing that proofs do not pro
ceed to infinity, that not everything is demonstrable, Aristotle shows 
that the process of filling out a proof will terminate as one encounters, 
after finitely many steps, non-demonstrable principles. 

Aristotle says that the finite length of chains of predication implies 
that there are non-demonstrable truths from which proof must com
mence (An. Pst. 84a29-b2). Similarly, he argues that the finite length 
of chains prevents an infinite regress. When constructing a proof, a 
regress occurs if one continues to use premisses which themselves can 
be derived. Strictly speaking, it is not the finite character but the non
dense quality of predications that is responsible for these properties of 
proof. That Aristotle says it is the finite length of chains which prevents 
a regress provides further evidence that he takes an infinite number of 
middles between fixed extremes to be dense. 

Given this interpretation, an otherwise cryptic remark becomes 
intelligible:9 

• I am indebted to Kenneth Quandt for showing me that a previous interpretation I had 
offered of this passage was untenable. 
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'It makes no difference if someone were to say that some of the 
hc ... d are contiguous so that there are none between them, and that 
others cannot be taken; for whichever of the c I take, there will be in 
the direction of h or d infinitely many intermediates or not. It makes 
no difference from which [term] they are first infinite, whether 
directly or not, for the [terms] after these are infinite.' (An. Pst. 
82a3O-35) 

If there are infinitely many middle terms between the fixed extremes 
h ... d, then at least some proper segment Ct ••• Cj of the middles must 
be dense. It does not matter if some part of the series, say hCOC1C2, is 
contiguous and some part, say C2 ••• d, is dense. For no matter which 
Ct I choose, either there will be infinitely many middle terms separating 
Ct from h or there will be infinitely many middle terms separating Ct 

from d. One can thus make sense of the claim: 

'It makes no difference from which [term] they are first infinite, 
whether directly or not, for the [terms] after these are infinite.' (An. 
Pst. 82a33-35) 

Initially this claim may appear puzzling. In a series hCOCIC2 ••• d 
which immediately after C2 becomes dense, the infinite series starts 
not with C2 but with h. However, since the series is limited by an 
extreme term d, if it remained contiguous it would be finite. The 
infinite series starts with C2 in the sense that it is in virtue of the 
density of the series, which begins after C2, that the entire series is 
infinite. 

In Posterior Analytics A21, Aristotle uses elegant and simple proof
theoretic techniques to show that if chains of predication are finite - i.e. 
if the answers to (I) and (2) are negative - then proofs with negative 
conclusions must be of finite length. He proceeds by cases, examining 
in every figure a syllogism with a negative conclusion. 

Assume a negative answer to (I) and (2). It follows that proofs with 
a universal affirmative conclusion must be finitely long. For Barhara is 
the only syllogism with a universal affirmative conclusion. So if the 
preInisses are derived, they too must be derived from instances of 
Barhara. But an infinite proof tree in Barhara, as already described, is 
witness to an infinite ordering of a chain of predication between the 
terms of the conclusion. This is impossible: for a negative answer to (I) 
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and (2) provides a negative answer to (3) - there cannot be an infinite 
series of middle terms between fixed extremes. 

In the first figure a proof of a universal-negative conclusion occurs 
only in Celarent: 

Ecod. Ahco 
EM 

Either the premisses are principles or they are derived from principles. 
If Ahco is not a principle, the proof of it must be only finitely long. So 
the proof of Ehd remains finite when the proof of Ahco is inserted. If the 
premiss Ecod is not a principle it must arise as the conclusion of a 
syllogism in either the first or second figure (Celarent, Cesare, Cames
tres). Suppose it arises In Celarent, the very form of inference in which. 
it functions as a premiss. Then the premisses must be Of the form 
Ec1d, ACoc1 and the expanded proof must be: 

Ecld ACocl 
Ecod Ahco 

EM 
To derive the negative premiss Ecod, an appropriate affirmative premiss 
ACocl is required. A chain of affirmative predication is established in 
which Co is predicated of h, and Cl is in turn predicated of Co. If the 
negative premisses are repeatedly derived by the same form of infer
ence, one gets a chain of affirmative predication hco ••• CnCn+l ••• such 
that each Cn+l is predicated of Cn. There will be as many predicates in 
the chain as there are inference steps in the proof of Ehd. If the proof 
were infinitely long, with each negative premiss derived in Celarent, 
then there would be an infinite chain of affirmative predication. This is 
impossible, since a negative answer to ( I) is assumed. The other 
syllogisms with a universal negative conclusion (Cesare and Camestres) 
behave in the same way. (The proof is left as an exercise for the inter
ested reader.) 

Aristotle is using the syntactic constraints of the syllogistic to investi
gate what any proof of a universal conclusion must look like. With 
remarkably modern-looking proof-theoretic techniques he shows that, 
given the stated assumptions, the proof must be finitely long. 

So far it has been assumed that the premisses are derived from a 
repeated application of a single form of inference. To show that any 
proof of a universal negative conclusion must be finite, Aristotle must 
establish that if a proof uses various types of inference in deriving 
premisses. it will nevertheless be finitely long. He offers this argument: 
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'It is evident that even if it is proved not in one way but in all -
sometimes in the first figure, sometimes in the second or third - that 
it will come to a stop even so; for the ways are finite and necessarily 
anything finite taken a finite number of times is finite.' (An. Pst. 

82b29-33) 

This argument is not valid. It is true that if one combines a finite 
number of extended syllogisms each being of finite length, the resulting 
extended syllogism will be finite. However even if one grants that every 
extended syllogism which uses repeated application of a single type of 
inference can only be finitely long, what reason is there for thinking 
that one can only combine a finite number of them? Is it not theoretic
ally possible to adjoin infinitely many finite syllogisms - each repeatedly 
using a single form of inference? In such a case one would have an 
infinitely long proof in which any single form of inference would be 
used without interruption only a finite number of times. 

To provide a valid argument for Aristotle's claim one must answer 
two questions. First, are there combinations of inferences that will 
break an already established chain of predication? For if every form of 
inference solely extends the already existing chain of affirmative predi
cation, then the use of various forms of inference will not disrupt the 
chain which forces the proof to be finite. However, if there are infer
ences that break an already established chain, a second question arises. 
Given that chains of predication can be broken in the course of a proof, 
will there be at least one chain which, if the proof is carried out far 
enough, will continually be 'resumed and extended? If there is at least 
one such chain, then, since it is both finite and continually extended, it 
will, regardless of occasional interruption, force the proof to be 
finitely long. 

The answers to the two questions are, first, that affirmative chains of 
predication can be broken in proofs using various inferences but, 
second, that in every such proof there is at least one chain that is con
tinually extended throughout the proof. Aristotle is. thus correct in his 
claim that proofs of negative conclusions using various forms of infer
ence must be finite. Though his argument is invalid, the possibility that 
it leaves open - that there might be an infinite number of distinct finite 
chains established by a proof - cannot in fact arise. 

In a proof using various forms of inference, affirmative chains of 
predication can be broken. Suppose one has a proof of a universal nega
tive conclusion Ehd which uses various forms of inference. The 
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immediate inference of the conclusion must be in Celarent, Cesare or 
Camestres, as these are the only syllogisms with universal negative con
clusions.· Suppose the immediate inference of the conclusion is in 
Celarent: 

Ecod Ahco 
EM 

If the negative premiss ECOd is itself derived from an instance of 
Celarent, then by arguments given above, after at most a finite number 
of repeated instances of Celarent one reaches a negative premiss, Ec~d, 
that is not itself derived from an instance in Celarent: 

Ecnd 

Ecld ACOcl 

Ecod Ahco 

EM 
Through each repeated inference in Celarent an affirmative chain of 
predication has been established - hCOCl ..• Cn_lCn - in which each 
member is predicated of its immediate predecessor. , 

Suppose now that the premiss Ecnd is not itself a principle but is 
derived. Then since by assumption it cannot itself be the result of an 
inference in Celarent, it must be the conclusion of an inference in 
Cesare or Camestres. The question is whether any form of inference 
breaks the chain of predication so far established. If the premiss Ecnd is 
derived by an instance of Camestres, the affirmative chain of predication 
will be broken. Suppose that Ecnd and every negative premiss that 
occurs above it are derived in Camestres: 

Celarent 

ACn+2Cn+3 ECnCn+3 

E CnCn+2 

Ecld ACOcl 

Ecod Ahco 

Ehd 
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There are two distinct chains of predication established by this syllog
ism: <DCo ..• C"_lC,,> and < dC"+1c"+2c"+3>. The original chain stops 
after a finite number of steps and a new chain begins. This chain too can 
be broken after a finite number of steps while the proof continues. 

Since an affirmative chain can be broken, the next question that must 
be answered is whether throughout a proof of a negative conclusion 
there will be at least one chain which, though possibly interrupted, will 
continually be extended throughout the proof. It has been shown that 
there can be only a finite number of successive repetitions of the same 
inference in deriving a negative premiss. So one can suppose, without 
loss of generality, that every premiss is derived by a form of inference 
different from that in which it serves as premiss. Suppose that the last 
inference of the proof is in Celarent. An examination of the diagram 
below reveals that no matter how the proof is expanded, there will be at 
least one chain of predication that continues to be extended. 

Adc, 

Celarent 

\ / 

", .-

Cesare 

Cesare 

,/ 

/ 
", 

\ ,/ Edc, Acoc" 
\ / I 

Ecod ,I Ecod _ ", 

Celarent ____ E d ~Ab - - - - --
Co Co '4- -.::: 

Ebd 

If the first negative premiss in Celarent Ecod is inferred through Cesare, 
then the affirmative chain of predication DCOCI •.• is extended without 
interruption. If the premiss is inferred through Camestres, then two 
affirmative chains - < DCo> and < dCI > - are established. But the 
derivation of the negative premiss in Camestres, ECOCl' must serve to 
extend the original chain of predication: < DCOC2>. The original chain 
is interrupted, but as soon as the newly established chain is itself inter
rupted, the original chain is extended. One cannot form a third distinct 
chain. A similar result obtains if the immediate inference of the con
clusion is Cesare or Camestres. (Again, the interested reader can verify 
this himself.) 
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Therefore, if affirmative chains of predication are finite, proofs with 
universal negative conclusions must be finite. In fact, even if every 
successive inference extends a chain distinct from the chain extended by 
the immediately preceding inference, the entire proof cannot be more 
than twice as long as one of the chains of predication. The chains of 
predication established by a proof not only enforce that the proof be 
finite, but constrain its. length to less than or equal to twice the size of 
one of the chains of predication. (One can easily use this method to 
show that proofs of particular conclusions, whether negative or 
affirmative, must be finite.) 

The entire argument thus far rests upon the assumption that chains of 
predication are finite - that the answers to (I) and (2) are negative. 
Posterior Analytics A22 tries to prove this assumption.10 The strategy is 
to appeal to a structure implicit in nature. Chains of predication are not 
abstract mathematical entities; they reflect an order possessed by a sub
ject and its predicates. This order is reflected in the structure of a proof 
and restricts the proof to finite length. A study of nature can therefore 
reveal an important property of proofs. 

Aristotle begins by considering those predicates which are 'in what 
something is' (l" TCP Tt EU-n An. Pst. 82b37). A primary substance can
not cease to have such a predicate without ceasing to be that sub
stance.11 To show there are only finitely many such predicates in a 
subject, Aristotle offers a simple defence: 

'In the case of things predicated in what something is, it is clear; for 
if what it is to be something can be defined or is knowable and one 
cannot go through infinitely many things, it is necessary that the 
things predicated in what something is are finite.' (An. Pst. 82b37-
83al) 

Similarly 

'Now either it will be predicated as a substance, i.e. either being the 
genus or the differentia of what is predicated - but it has been proved 

10 For a detailed examination of A2::t see Hamlyn, 'Aristotle on predication'; Barnes, 
Aristotu's Posterior Ana/ytics, pp. 166-73; Demos, 'The structure of substance 
according to Aristotle'; Ross, Aristotu's Prwr and Posterior Ana/ytics, pp. 573-83. 

11 Miss Anscombe has suggested the more felicitous translation, 'predicated in the cate
gory of substance'. For the sake of uniformity with Barnes' commentary, I will con~ 
form to his less felicitous, but literal, translation. For a discussion of such predicates, 
see Barnes, Aristotle's Posterror Ana/ytics, p. 166. 
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that these will not be infinitely many, either downwards or upwards 
(e.g. man is two-footed, that is animal, that is something else; nor 
animal of man, that of Callias, and that of another thing in what 
something is); for one can define every substance of that kind, but 
one cannot go through infinitely many things in thought. Hence 
they are not infinitely many either upwards or downwards; for one 
cannot define that [substance] of which infinitely many things are 
predicated.' (An. Pst. 83a39-b8)12 

We are able to define, but we could not think through infinitely many 
predicates; therefore there are only finitely many predicates in the 
definition. It is clear that Aristotle believes that these predicates form 
a chain, ' ... man is two-footed, that is animal, that is something 
else'. 

Aristotle proceeds to consider non-essential predication (An. Pst. 
83al-b31). He distinguishes strict predication from incidental predica
tion. A phrase like 'the white thing is a log' is a degenerate form of 
predication, for it fails to reveal the metaphysical structure of subject 
and predicate. It is not that the white thing is the underlying subject 
which happens to be a log. Rather the log is the underlying subject 
which happens to be white (An. Pst. 83al-I4). Only predications 
which reveal metaphysical structure are strict and it is with these that 
proofis concerned (An. Pst. 83aI5-22). 

Predications which are not essential are always predications of an 
underlying subject. To show that a series of such predications forms a 
chain, Aristotle rules out the possibility of counterpredication: that Co 

may be predicated of Cl and Cl predicated of Co (An. Pst. 83a36-blo). 
Aristotle distinguishes predicating from saying truly (An. Pst. 83a38). 
Predication is not merely a linguistic act.13 Though one can say both 
'the white thing is a log' and 'the log is white', only the latter is a 
genuine predication. One has said both sentences truly, but one has not 
made a genuine counterpredication.14 So predications begin with an 
12 I translate 'o?Ju{a' as 'substance' rather than Barnes' 'reality'. Cf. Dames, Aristotu's 

Posterior Analytics, p. 169 . 
.. See Hamlyn, 'Aristotle on predication', and J. L. Ackrill, Aristotle's Categories and De 

interpretatWne, pp. 71ff. 
14 Ross makes needlessly heavy weather of this passage. He says that the 'connexion with 

the general argument is particularly hard to seize; any interpretation must be regarded 
as only conjectural' (Ross, Aristotu's Prior and Posterior Anal,ytics, pp. S7~). Ross 
admits to being confused that within a proof of the impossibility of infinite proofs 
' •.. is curiously intermingled a polemic against the possibility of counter-predication. 
We can connect the two themes, it seems, only by supposing that he is anxious to 
exclude not one but two kinds of infinite chain; not only a chain leading ever to wider 
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underlying subject and form a chain. Those predications which are not 
essential conform to the categories: '... they are either quality or 
quantity or relation or doing or undergoing or place or time' (An. Pst. 
83bI6). These qualifications of a subject are finite and so the predica
tions are finite (An. Pst. 83bI5). 

From a modern point of view this argument is not compelling. It is 
presented in the context of a metaphysics which is now alien: e.g. we 
do not think of predicates as forming chains. Further, in so far as 
definition is supposed to reveal what it is to be for a thing (T6 Tt ~v 
elvat), there is no reason to believe we are able to give definitions. IS 

That the mind cannot 'go through infinitely many things in thought' 
is not obviously true.16 Aristotle's argument suffers because he is not a 
modern: he lived in his world, not ours. For example, he believed that 
the basic principles of a science are simply grasped by mental insight 
(vous) (An. Pst. BI9)' The modern problem that we may never know 
the basic principles of a science, that the human mind may be funda
mentally incapable of understanding the structure of the universe, does 

15 See Kripke, 'Naming and necessity'. 
le Given Aristotle's conception of the infinite, to say that the process of defining ter

minates is equivalent to saying that it terminates after finitely many steps. It does seem 
as though one cannot have an infinite number of distinct thoughts; each thought being 
that a distinct predicate is true of a single subject. This is because each thought is 
assumed to take a discrete and uniform length of time, and we only live through 
finitely many such lengths. Nevertheless there is a similar claim - that a single predicate 
can be seen to hold of an infinite number of subjects - that does not seem so implausible. 

Consider, for example, an omega-rule ofinference: F(o), F(I), F(1-) ••••• By GOOel's 
(x)F(x) 

theorem there are formulas of elementary number theory such that for any n one can 
prove F(n) a theorem, but for which one cannot prove, within a particular consistent 
system, (x)F(x). Adjoining to the original system an omega-rule, one can make the 
needed inference. Ifone forms a new system by adjoining an omega-rule one can prove (x) 
F(x) and thus that the original system is consistent. Gentzen-Schiitte type consistency 
proofs are generally thought to prove elementary number theory consistent. But one is 
not justified in detaching the conclusion (x)F(x) which is exactly what one does if one 
takes consistency to be proved, unless one has established that F(o), F(I) ... Of 
course we do not have to have infinitely many distinct thoughts - that F(n) for each 
n - each taking a discrete and uniform amount of time. We can see that F( ) is true of 
each n in virtue of the proof that F( ) holds of any particular number. 

predicates, but also one which is infinite in the sense that it returns upon .itself, as a ring 
does (Phys. 1.07U).' Ironically the passage Ross cites, PhysU:s 1-07uff, provides direct 
evidence against his interpretation. For there Aristotle rejects circular movement, in 
itself, as a truly infinitary concept. Aristotle is not, pace Ross, trying to reject some 
deviant type of infinitary chain. Rather he is simply trying to show that predication in 
fact forms a chain. The passage stands, on the Ross interpretation, as a curious inter
mezzo in an otherwise concise and brilliantly argued proof. 
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not arise. Yet though the foundation of Aristotle's argument must 
strike us as unconvincing, on the basis of it he is able to offer a truly 
remarkable compactness proof, containing the seeds of proof-theoretic 
techniques which would not be employed again until this century. 



3 
Hypothetical syllogisms 

At the beginning of Prior Analytics A23, Aristotle says he will show 
how all syllogisms without qualification are formed through the syllo
gistic figures (An. Pr. 40b2o-22). In this passage Aristotle is harking 
back to his wide-ranging definition of syllogism as a logos in which, 
certain things being posited, something other than what is posited 
follows of necessity from their being so (An. Pr. 24bI8-20). The point 
of A23 is to investigate to what extent the syllogistic is adequate for the 
formalization of deductive arguments. 

Aristotle divides all syllogisms into those which are direct and those 
which are hypothetical, one example of the latter being syllogism per 
impossihile1 (An. Pr. 40b22-26). He discusses direct syllogisms first, he 
says, because it is in virtue of this discussion that it will become clear 
how hypothetical syllogisms in general, and syllogisms per impossihile 
in particular, are brought about through the syllogistic figures (An. Pr. 
40b26-29). As discussed in Chapter I, Aristotle presents an abstract 
argument designed to show that direct syllogisms can be formalized in 
the syllogistic. Hypothetical syllogisms are thought to be formalizable 
in the syllogistic only in so far as each contains; as a proper part,· a 
direct syllogism (An. Pr. 4Ia37-4IbI). In: a hypothetical syllogism that 
is not of the per impossihile variety, one attempts to persuade someone 
of a conclusion Q by getting him to agree to accept Q if P is proved. 
One then proves P directly. The form of the argument is thus: 

(H) 'You agree to accept Q, if P; but . .. so P; but you agreed to 
accept Q, if P; therefore you must accept Q.' 

The part of the argument' ... , so P' is a direct syllogism and is thus 
assumed to be syllogistically formalizable (cf. also An. Pr. A44 50al6-
28). Similarly with per impossihile syllogisms: only because each con
tains a direct syllogism is any part of a per impossihile syllogism thought 
to be formalizable in the syllogistic (An. Pr. 4Ia32-37). In a per 

1 The phrase 'J~ Vrro8£uftaJs'is a term of art for Aristotle. I have translated it uniformly 
as 'hypothetical' or 'hypothetically' rather than write the Greek or a transliteration. An 
alternative translation is 'from a hypothesis '. Whichever translation (or lack of it) one 
prefers, one must keep in mind that Aristotle is using the phrase in a precise and tech
nical sense. 
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impossibile syllogism Aristotle says one directly deduces a falsehood and 
then proves the conclusion hypothetically when something impossible 
results from supposing the contradictory of that which one wishes to 

prove (An. Pr. 4Ia23-26). Therefore, one form a per impossibile 
syllogism may take is: 

(PI!) P, suppose not-Q, then R; but that is impossible; 
therefore Q. . 

The first part of the per impossibile syllogism 

P, suppose not-Q; then R 

is a direct syllogism, and, by Aristotle's earlier argument, can thus be 
expressed in syllogistic form. Aristotle does not think that the entire 
per impossibile syllogism can be formalized as a chain of syllogistic 
inferences. 

Why does Aristotle, in a chapter devoted to showing the adequacy of 
the syllogistic for formalizing deductive arguments, discuss hypo
thetical syllogisms at all? It is not as though Aristotle fallaciously 
believed the entire hypothetical syllogism could be formalized. Ifhe had 
one could imagine hypothetical syllogisms being treated as a tier in an 
architectonic designed to sho", that all syllogisms were syllogistically 
formalizable. But Aristotle is well aware that hypothetical syllogisms 
present a problem for the syllogistic. When he concludes Prior 
Analytics A23 by saying that the arguments of the chapter have shown 
that all proof and all syllogism necessarily come about through the three 
syllogistic figures, he is actually making cl remarkably weak claim. He 
has not claimed to show that every syllogism in the broad sense is 
formalizable. He has only claimed to show that every direct syllogism 
is formalizable and that the hypothetical syllogism contains a direct 
syllogism as a proper part. Why admit an acknowledged recalcitrant 
example? 

Commentators have interpreted Aristotle as concerned with giving 
an analysis of deductions with a conditional premiss, 'If P, then Q', 
within the confines of the SyllOgistic.2 On this interpretation, Aristotle 
wishes to describe deductions from a conditional, but is faced with the 
fact that the syllogistic is inadequate both for the formalization of con':' 
ditional statements and of inferences from them. This picture does not 

• Cf. W. and M. Kneale, The Development of Logic, pp. 98ff; Mueller, 'Greek mathe
matics and Greek logic'; Patzig, Aristotle's Theory of the Syllogism, p. 149; l.ukasiewicz, 
Aristot/s's SyUogistic From the Standpoint of Modem Formal Logic, p. 49. 
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go to the heart of the matter. It cannot provide a unified account of 
hypothetical syllogisms, because it does not acknowledge that the 
underlying problem is not with the formalqation of certain statements, 
or inferences, but with the role certain statements play within an argu
ment. 

There is an important feature of deductive arguments which the 
definition of a formal deduction tends to ignore: that is the argumenta
tive role of each sentence in the deduction.3 A formal deduction is often 
defined as a sequence of sentences, the last member being the con
clusion, such that every member is either an axiom or a premiss or the 
conclusion of a rule of inference from previous members.4 But this dis
junctive property is too weak. to yield an actual deductive argument 
from premisses to conclusion. One. does not know which sentences are 
inferred by which rules from which previously occurring sentences. 
Neither does one know which sentences - the axioms and consequences 
of axioms - are being asserted and which are merely entertained; so one 
does not know whether the formal deduction represents an uncon
ditional proof of the conclusion or only a deduction from certain sup
posed premisses. A formal deduction, so' defined, provides at most a 
guarantee that a deductive argument from premisses to conclusion 
exists. 

F rege insisted that one must distinguish between the thought 
expressed by a sentence and the assertion of its truth.s A sentence may 
occur in discourse both asserted and unasserted, yet the content of the 
sentence remains constant. For example, the sentence may be uttered as 
part of a more complex sentence, such as in the antecedent of a con
ditional in which the whole sentence is being asserted, not simply the 
antecedent. If one is to recognize e.g. modus ponens - From P and If P 
tlten Q, infer Q - as a valid inference one must recognize the same 
thought P as occurring in one context where it is asserted and in 
another where it is not. Further, one can utter a sentence within the 
context of some convention that the sentence is understood not to be 
asserted: if, for example, one is asked to imagine or suppose that certain 
sentences are true. 

Why has so little attention been paid, before and after Frege, to the 
role of assertion in deductive argumentation? One reason, suggested by 

3 See Shoesmith and Smiley, Multiple Conclusion Logic, p. 106. 
• Cf. e.g. Mendelson, Introduction to Mathematical Logic, p. 30. 
5 See Frege, 'Thoughts', Logical Investigations, pp. 1-30; Geach, Logic Matters, pp. 

2.50--69· 
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Geach and Dummett, is that our use of language presupposes that the 
utterances of indicative sentences are assertions unless some special 
convention is introduced whereby we recognize that the sentences are 
not being asserted.6 It is assumed that in communication people tell us 
what they take to be true - or even when lying they tell us what they 
want us to interpret them as taking to be true - so in spoken or printed 
discourse one need not introduce' some convention indicating that one 
is asserting what one says. Rather one must make it clear when one 
wishes to withdraw assertoric force from one's utterances. Thus since 
discourse takes place against a background of presumed assertion one 
would expect attention to be paid not to the pervasive phenomenon of 
assertion, but to the singular cases where the phenomenon is absent. 
Further, within the realm of deductive arguments one is forced to pay 
attention to the absence of assertive force even more rarely than in 
ordinary discourse. Of course, not all deductions are proofs, but even 
in the course of a direct deduction of a conclusion Q from a set of 
premisses X, it does not matter for the deduction itself whether or not 
the premisses are actually being asserted. Only after the deduction is 
completed do we need to consider whether we have actually proved Q 
or simply deduced Q from X. For example, in an Aristotelian context, 
we can form a syllogism and then check whether the ultimate premisses 
are first principles of a science, commonly held beliefs, or, indeed, 
known falsehoods. In the latter cases we only have a deduction from 
premisses to conclusion and not a proof, but that need not have 
affected the formation of the syllogism. It is only in those cases in 
which one needs to recognize the lack of assertive force in order to 
describe the deduction itself - such as when suppositions are introduced 
only to be discharged at a later stage in the deduction - that one must 
pay attention to the force of the sentences in the deduction. 

Natural deduction systems, developed by Gentzen and Jaskowski, 
provide a formalism which easily accommodates the introduction and 
discharge of suppositions.7 Gentzen observed that a formal system 
which permits the entertainment and discharge of suppositions can 
present formal derivations more in accord with non-formal mathemat
ical proof and argument than formal systems which do not. His natural 
deduction system allows one to distinguish the argumentative roles of 

6 See Geach, Logic Matters, p. 262; Dummett, Frege: Philosophy of Language, p. 302. 
7 Gentzen, 'Investigations into logical deduction'; Jaskowski, 'On the rules of supposi

tions in formal logic' . To see how easy it is to annotate a deduction in a natural deduc
tion system, see Fitch, Symholic Logic, An Introduction; Elements ofComhinatory Logic; 
Lemmon, Beginn'ing Logic. 
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sentences occurring in a deduction. One can distinguish between 
premisses, upon which the proof of the conclusion depends, and sup
positions which are introduced in the course of the deduction, and 
their consequences pursued, but on which the conclusion does not 
depend. For example, let 

X 
iQ 

R 

premisses 
supposition 

be a deduction of R from the set of premisses X and the supposition 
iQ. Then it is common in natural deduction systems to have some 
form of rule of reductio ad ahsurdum:8 

X Y· premisses 
iQ iQ supposition 

RiR 
Q 

The conclusion Q does depend on the premisses X and Ybut not on the 
supposition iQ. Natural deduction systems enable us to take some 
account of argumentative force by distinguishing premisses from 
suppositions, but we need not think of all premisses as being asserted:9 

we may only be constructing a deduction of a conclusion from prem
isses we do not believe. However, with suppositions we must explicitly 
recognize that they are not being asserted, but only supposed. The 
premisses mayor may not be asserted; from the standpoint of describ
ing the deduction we may treat them all as though they were being 
asserted. With suppositions, by contrast, one must acknowledge that 
they are being supposed in order to describe their temporary entertain
ment in the course of a deduction. 

Gentzen criticized the formal systems of Frege, Russell and Hilbert, 
which do not contain any mechanism for recognizing suppositions. 
Deductions in those systems tend to be cumbrous and do not reflect the 
character of non·Jormal deductions. With a natural deduction system 
one can provide an accurate picture of a deduction in which it is 

8 Cf. e.g. Lemmon, Beginning Logic, p. 40. 

• Cf. Dummett, ·Frege: Philosophy of Language, p. 309. 
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essential that certain sentences are recognized as being supposed and 
not asserted. 

Aristotle's syllogistic, like the formal systems of Frege, Russell and 
Hilbert, makes no provision for the explicit recognition of suppositions. 
This insight is essential if one is to make sense of Aristotle's remarks on 
hypothetical syllogisms. His treatment of these syllogisms reflects his, 
perhaps belated, awareness that there are certain types of argument 
which cannot be analysed without recourse to the notion of argument
ative role. The syllogistic does not allow for an expression of argu
mentative role, and it is preciseiy with hypothetical syllogisms that 
Aristotle faces this inadequacy. 

Why should Aristotle have countenanced hypothetical syllogisms at 
all? One reason may be that in trying to show that all syllogisms can to 
some extent be formalized, Aristotle wished to cast the net so widely 
that it included rigorous dialectical arguments.as well as mathematical 
deductions. Since the goal is only to show that non-direct deductions 
are partially formalizable, Aristotle is at liberty to construe what he 
takes to be a syllogism quite loosely. Hypothetical syllogisms represent 
Aristotle's analysis of the type of debate that occurred in the Academy. 
Shorey has argued that to understand hypothetical syllogisms one must 
examine the form of Platonic debate. lo In the Dialogues, Platonic argu
ments take the form of debate or common inquiry. For either debate or 
inquiry to proceed some degree of agreement between speakers is 
necessary. The principles of dialectic are statements to which all parties 
are willing to agree. Unlike Aristotelian methodology which recognizes 
particular principles specific to each science, in Platonic debate the 
speakers move back until they reach some principle to which they can 
all agree. In Aristotle's hypothetical syllogism, the agreement would be 
to accept Q, if it can be shown that P. 

But the major reason that Aristotle discusses hypothetical syllogisms 
in Prior Analytics A23 must be that he considered the per impossihile 
syllogism to be a type of hypothetical syllogism. Proof by means of a 
per impossihile technique was a method with which Aristotle was evi
dently familiar: he· regularly cites as an example the proof of the 
incommensurability of the diagonal of a square with its sides (cf. e.g. 
An. Pr. 4Ia26, 5oa37): In a discussion of the adequacy of the syllogistic 
for formalizing deductions, it woul&have been difficult for Aristotle to 
have ignored the per impossihife.syllogism. There is textual evidence for 
10 Paul Shorey, • EvMoy,ap.oL c!e v.r08EU€W5 in Aristotle'. 
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this conjecture. Immediately upon completing the argument for the 
formalizability of direct syllogisms, Aristotle begins an extended dis
cussion not of hypothetical syllogisms in general, but of the special case 
of per impossihile syllogisms (An. Pr. 4Ia2o-37). It is only these argu
ments for which there is need to show that they can, to some extent, be 
formalized. All other hypothetical syllogisms, by contrast, receive only 
the most cursory mention in Prior Analytics A23 (4Ia37-bI). It is 
maintained only that a similar argument to that which has been worked 
out for per impossihile syllogisms will apply to hypothetical syllogisms 
generally. The per impossihile syllogism and the other types of 
hypothetical syllogism each contain a direct syllogism as a proper 
part. 

However, why should Aristotle consider the per impossihile syllogism 
to be a type of hypothetical syllogism? The claim is not merely that the 
two syllogisms share the structural similarity of containing a direct 
syllogism. It is, rather, that a per impossihile syllogism is an instance of a 
hypothetical syllogism. The reason, I conjecture, is that Aristotle 
assimilates the role of supposition in per impossihile syllogisms to the 
role of agreement in other types of hypothetical syllogisms. What is 
important about each syllogism is that one must explicitly recognize 
that a certain step has a special argumentative role; and Aristotle was 
not careful to distinguish among types of roles. Consider the beginning 
of Prior Analytics A44: 

'Further we must not try to reduce hypothetical syllogisms; for with 
the given premisses it is not possible to reduce them. For they have 

. not been proved by syllogism, but all are assented to by agreement~ 
For instance if a man should suppose that unless there is one faculty 
of contraries, there cannot be one science and should then argue that 
not every faculty is of contraries, e.g. of what is healthy and what is 
sickly: for the same thing will then be at the same time healthy and 
. sickly. He has shown that there is not one faculty of all contraries, 
but he has not proved that there is not a science. And yet one must 
agree. But the agreement does not come from a syllogism but from an 
hypothesis. This cannot be reduced: but the argument that there is 
not a single faculty can. The argument perhaps was a syllogism: but 
the other was an hypothesis.' (An. Pr. A44, 50aI~28; myempha
SiS)l1 

11 'Faculty' translates '8vvllluS": another acceptable translation in this context might be 
'potentiality' . 
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Here supposition is clearly being assimilated to agreement. We are 
being presented with an instance of a hypothetical syllogism which, as 
we have seen, has the fonn: 

(H) You agree to accept Q, if P; but .... , so P; but you agreed to 
accept Q, if P; therefore you must accept Q. 

In this example, the agreement should be to accept that there cannot be 
one science, if it can be shown that there is not one faculty of contraries. 
Yet it is precisely this step which Aristotle says is being supposed. One 
reason for this assimilation may be that hypothetical syllogisms repre
sent Aristotle's analysis of rigorous debate as it occurred in the Acad
emy. In such debate one need not secure an undying commitment from 
one's interlocutor to accept Q, if P is proved. All that is required is that 
he agree, for the sake of the argument, to accept Q if P is proved. Of 
course, not any P will do: it must be a P such that the interlocutor has 
some reason to think that its truth will ensure the truth of Q. Otherwise 
he will not agree, even for the sake of argument. So even in this case the 
interlocutor is being asked to do more than suppose that if P, then Q. 
Nevertheless, agreement for the sake of argument and supposition do 
seem to be related, if only as distant cousins. The important feature 
which hypothetical and per impossihile syllogisms share - and which 
may mask the differences between agreement and supposition - is that 
one must adopt a specific attitude toward one of the steps of the argu
ment.12 Supposition is a feature which the syllogistic does not easily 
accommodate. Thus it should come as no surprise that, in the quoted 
passage, Aristotle cautions against trying to reduce hypothetical syllo
gisms to the perfect syllogisms of the first figure (An. Pr. 50a16; 50a26). 
For only a proper part - the direct syllogism - can be rendered in 
syllogistic form and it is only for this part that one has any ground for 
believing reduction possible. 

An air of paradox surrounds the quoted passage. Aristotle both calls 
hypothetical syllogisms 'syllogisms' and says of them that the con
clusion is not reached by syllogism, but hypothetically (An. Pr. 
50a25-28). One can make sense of this apparent contradiction. 
Aristotle has reason to treat a hypothetical syllogism as a syllogism. A 
syllogism is a logos in which certain things being posited (-rl()TJf.L') 
something else follows of necessity from their being so (An. Pr. 

12 From now on I will use 'supposition' in a broad sense to cover both supposition as it 
occurs in a per impossihile syllogism and agreement for the sake of argument as it occurs 
in a hypothetical syllogism. 
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2.4bI8-2.o). The verb '-rt8"fJ1J." (to posit, lay down) is usually neutral 
with respect to the argumentative force with which premisses are em
ployed,13 and, on occasion, is specifically used to describe a statement 

. that must dearly be supposed and not asserted in the course of the 
argument. For example, Aristotle says that in per impossihilesyllogisms 
one proves the conclusion hypothetically when something impossible 
results from the supposition (-rt(JTJIJ.') of .the contradictory (An. Pr • 

. 41a25-:-26). Similarly in the proof of the incommensurability of the 
diagonal, the absurd. result that an. odd number is equal ·to an even 
comes about through supposing (-rt(J"fJIJ.') that the diagonal is commen
surate (An. Pr. 41a27, 5oa37). The contradictory of the conclusion is 
clearly supposed and not asserted in a per impossihilesyllogism So that, 
in these passages at least, one must not take the verb -rt(J"fJIJ.' to imply 
any assertive force. Thus a hypothetical syllogism does qualify as a 

. syllogism. The premiss 'Q, if P' and those premisses needed to deduce 
P are posited (-rt8"fJ1J.') and Q follows of necessity from their being 
so. 

Yet Aristotle also says that the conclusion of a hypothetical syllogism 
is. not reached by syllogism but hypothetically (An. Pr. 50a23-28). 
This remark must .cause problems for anyone who wishes to treat a 
hypothetical syllogism merely as a deduction from a· conditional 
premiss: For if the conditional is functioning like any· other premiss, 
why does not Aristotle simply recognize that one has a valid syllogism 
that contains a conditional premiss? If, however, one takes Aristotle's 
central concern to be with argumentative role, then two explanations 
emerge· as to why he says the conclusion is reached not by syllogism 
but hypothetically. First, in hypothetical argument one is meant to be 
arguing unconditionally to a conclusion Q. One is not simply deducing 
Q. from a set of premisses that include 'If P, then Q'. One is attempting 
to persuade one's interlocutor to admit Q. To this end one secures his 
agreement to accept Q if P is proved: but this strategy is designed to 
force him to assent to Q. If the argument was only meant to establish Q 
conditionally, then one could choose any antecedent R for which one 
happened to have·a proof and· trivially prove Q (hypothetically) from 
the conditional 'If R, then Q'. But one cannot do this in a hypothetical 
syllogism. One must find a P on the basis of which one's interlocutor 
is willing to assent to Q. The point of a hypothetical argument is to get 
one's interlocutor to accept Q, not merely the conditional 'If P, then 
Q'; thus· orie must not only carefully secure the inte~locutor's agree-
13 See Smiley, 'What is a syllogism?', p. 138. 
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ment to make certain transitions, one must recognize that the con
clusion is not established merely by syllogism, but also on the basis of 
the antecedent agreement. If, as conjectured, Aristotle discussed hypo
thetical syllogisms in Prior Analytics A23 because ·he wished to see to 
what extent rigorous dialectical arguments could be formalized, one 
would also expect him to discuss to what extent such 'syllogisJl1s' fail to 
be syllogisms. 

Second, Aristotle would, I think, find something discomfiting about 
the notion of a deduction of a conclusion from an unasserted premiss, 
where that premiss happens to be a conditional. For one naively thinks .. 
of a deduction as some sort of step-by-step process in which one comes 
to see that the conclusion is a logical consequence of the premisses. A 
fundamental assumption of Aristotle's theory of perfection is that one 
must be able to be brought to see that a logical consequence holds. The 
existence of an unasserted conditional in the premisses, however, is 
designed to compensate for our very inability to reveal the conclusion 
as a logical consequence of the asserted premisses. By supposing the 
conditional one supposes that a consequence relation exists in the exact 
place where one cannot show it to exist. It is as though one assumes a 
deduction exists to bridge the gap that one cannot close by actually 
providing a deduction. Thus it is misleading to say one has a deduction 
of a conclusion Q from a set of premisses X where X contains the 
premisses needed to prove P and a supposed but unasserted conditional 
'If P, then Q'. For one has no idea how much logical space must be 
travelled - if indeed it is possible at all- to show that if P is true then Q 
will be true. A more accurate picture of what has been deduced would 
place the conditional as the antecedent of a conditional.conclusion: 'If 
lIP, then Q; then Q'. One has deduced this from the premisses needed 
to prove P. 

If one interprets hypothetical syllogisms primarily as Aristotle's· 
attempt to formalize deductions with a conditional premiss it remains a 
mystery why Aristotle did not simply allow that the conditional could 
be asserted, recognize modus ponens as a rule of inference and accept 
such arguments as proper syllogismsY If, however, one interprets 
Aristotle as primarily concerned with argumentative role this mystery 
does not arise. A familiar form of argument in Aristotle's time happened 
to begin by securing a conditional agreement from one's interlocutor. 
Aristotle is not concerned with conditional premisses per se; he is con
cerned with the most common example of argument with an explicitly 
14 Cf. Mueller, 'Greek mathematics and Greek logic', p. 55. 
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supposed premiss - as opposed to one with premisses which could be 
supposed or asserted indifferently. 

Evidence for this interpretation is provided by Aristotle's discussion 
of what it is to know hypothetically. Hypothetical knowledge is con
trasted unfavourably with unqualified knowledge. If one could not 
know the ultimate premisses of a proof, then one would not know the 
conclusion unconditionally, but only hypothetically (An. Pst. A3, 
7.lb!4; cf. 83b39, 84a6). Here what is known hypothetically need not 
be a conditional. Aristotle did think that the principles of a demonstra
tive science could be known. This may partially explain why he 
described hypothetical syllogisms in terms of dialectical debate: in 
demonstrative science hypothetical syllogisms need never occur. 

If one takes hypothetical syllogisms to be deductions from a con
ditional premiss, it is also difficult to see why per impossibile syllogisms 
should be classified as hypothetical. The Kneales, who take Aristotle to 

be discussing arguments with conditional premisses, think Aristotle 
ought to be describing the logical distinction between modus ponendo 

ponens If P, then Q; P and modus tollendo toll ens If P then Q; J Q .15 
Q JP 

But, as the Kneales note with consternation, Aristotle does not make 
the logical distinction between arguments which affirm the antecedent 
and those which deny the consequent of a conditional. Rather Aristotle 
makes what for the Kneales must be the cryptic epistemological point 
that in per impossibile syllogisms, as opposed to other hypothetical 
syllogisms, there is no need for prior agreement because 'the falsity is 
obvious' (An. Pr. 50a36). Patzig, who also believes there must be a 
conditional premiss hidden in the works, interprets this statement 
as claiming that per impossibile syllogisms depend on a suppressed, 
-rather than explicit, conditional premiss, 'If not not-Q, then Q'.16 
Yet there is no textual evidence that Aristotle thought the validity 
of a per impossibile syllogism depended on a, perhaps suppressed, 
conditional premiss. If a reductio strategy is valid at all, then it is valid 
as Aristotle describes it (An. Pr. 4ob.lo-37), without a conditional 
premiss. 

If one interprets a hypothetical syllogism as one which demands 
explicit acknowledgement of a suppositional step, then per impossibile 
syllogisms are clearly hypothetical. Per impossibile syllogisms differ 
from direct deductions in that in the former one cannot even give a 

15 W. & M. Kneale, The Development of Log~, pp. 98ff. 
16 Patzig, Aristotle's Theory of the Syllogism, p. 149. 
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formal description without paying some attention to the argumentative 
role of the sentence occurring in the argument. As mentioned above, 
one can give a formal analysis of a direct deduction which is neutral 
with respect to whether the sentences in it are being asserted, supposed, 
entertained etc. However, even in a purely formal analysis of a deduc
tion by reductio ad ahsurdum some clue must be given as to which 
statement the derivation of a contradiction is intended to overthrow. A 
rule of reductio ad ahsurdum may not pay obvious attention to supposi
tion. For example, it may state 

iP iP 

Q iQ 
P 

but by segregating iP from other premisses which may occur in the 
deductions of Q and of iQ, the rule has tacitly isolated the sentence 
which is being temporarily supposed. (Of course, if iP is the only 
premiss that occurs in the deductions of Q and of iQ, then no 
segregation is needed. But reductio rules are not generally restricted 
to such cases.) Every syllogistic inference is from two premisses. 
Hence Aristotle must note, in his analysis of a per impossihile syllo
gism, which premiss is being supposed so as to make clear what the 
derivation of a falsehood should lead one to reject. To analyse 
reductio arguments one must note that at some stage a supposition is 
made. 

This interpretation would suggest that the hypothesis in a per 
impossihile syllogism is the premiss that is being supposed in the 
direct deduction of a falsehood. That is, the hypothesis is the con
tradictory of the desired conclusion of the per impossihile syllogism. 
However, there are two strands of textual evidence which seem to 
impugn this suggestion and thus cast doubt on the interpretation as a 
whole: 

(I) Aristotle often says that in a per impossihile syllogism one first 
directly deduces a falsehood and then infers the ultimate conclusion 
hypothetically (An. Pr. 4Ia24-25, 4Ia29, 4IaH, 5oa32). The structure, 
as Aristotle is aware (An. Pr. 4Ia37ff), is similar to other hypothetical 
syllogisms in which one first directly deduces a conclusion P and then 
moves hypothetically to a conclusion Q. In order to make sense of this 
similar structure commentators have wanted to find a conditional in the 
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per impossibile syllogism which licenses the transition from the deriva
tion of a falsehood to the inference of the contradictory of the supposed 
premiss.l7 They point (a) to the awkwardness of taking the 'hypothe
sis' in a per impossihile syllogism to be the contradictory of the con
clusion since this does not alone permit the transition Aristotle labels 
'hypothetical', and (h) to the structural dissimilarities between per 
impossihile and other hypothetical syllogisms that would result from 
taking the contradictory of the conclusion as the hypothesis. 

(2) Aristotle is often interpreted as saying that per impossihile syllog
isms differ from other hypothetical syllogisms in that one need not 
previously agree to the hypothesis before carrying out the direct 
deduction because the falsity of the derived conclusion is obvious18 (cf. 
50a32-38). Thus the hypothesis could not be the explicitly supposed 
premiss of the per impossihile syllogism. It is conjectured either that the 
hypothesis might be a suppressed axiom in the form of a conditionaP9 
or that the hypothesis is the contradictory of the derived conclusion, 
which need not be explicitly stated since the conclusion is so obviously 
false. 20 

Yet nothing Aristotle says need be construed as evidence that the 
supposed premiss in a per impossibile syllogism is not the hypothesis. In 
response to (I): Dummett has noted that supposition differs from 
assertion in that it is possible only as a preparation for further linguistic 
acts.21 One cannot simply make a supposition and then stop. There must 
be some point to having made the supposition. Let us call this the 
linguistic ohligation of a supposition. For both hypothetical and per 
impossihile syllogisms it is quite clear how this obligation is fulfilled. 
Having agreed to accept Q, if P, and confronted with a proof of P, one 
fulfils one's linguistic obligation by accepting Q. Had one not done so 

17 Cf. Ross, Aristotle's Prior and Posterior Ana/ytics, p. 372: 'But another element in the 
hypothesis is brought out in An. Pst. 77322.-5 where A. says that reductio assumes the 
law of excluded middle; i.e. it assumes that if the contradictory of the proposition to be 
proved is shown to be false, that proposition must be true.' Mueller, 'Greek mathe
matics and Greek logic', p. 56: 'One might then consider the hypothesis of a reductio 
to be the law of propositionallogic "(P .... (Q & - Q) .... - P)" .. .' Patzig, Aristotle's 
Theory of the SyUogism, p. I49: 'The "hypothesis" on whiclt the per impossiIJile pro
cedure rests is that A be regarded as proved if Not (not-A) is proved: 

18 Cf. Ross, Aristotle's Prior and Posterior Ana/ytics, Patzig, Aristotle's Theory of the 
Syllogism, MueIJer, 'Greek mathematics and Greek logic'. 

19 Patzig, Aristotle's Theory of the Syllogism, Mueller, 'Greek mathematics and Greek 
logic'. 

2. Ross, Aristotle's Prior and Posterior Ana/ytics, p. 4I7. 
21 Dummett, Frege: Philosophy of Language, p. 3I3. 
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there would have been no point in making the original agreement.22 
Similarly in a per impossihile syllogism: having deduced a contradiction 
from the supposition, one then fulfils one's linguistic obligation by 
inferring its contradictory.23 It is precisely this fulfilment of the linguis
tic obligation that, for Aristotle, is the inference 'from a hypothesis'. 
Only if one assumes that the hypothesis must always explicitly license 
the transition from a directly deduced conclusion to the conclusion 
inferred hypothetically, need one be tempted to think that the supposi
tion of a per impossihile syllogism could not be the hypothesis. There is 
no evidence to warrant this assumption. If, by contrast, one assumes 
that the hypothetical inference is that which fulfils the linguistic obliga
tion incurred by making a supposition, then not only is it most natural 
to take the supposition of a per impossihile to be the hypothesis, but 
analogy between per impossihile and other hypothetical syllogisms is 
preserved. Though Aristotle generally pays little attention to the 
details of formalization he does notice that the fulfilment of obligation -
a hallmark of informal argument - cannot be formalized (An. Pr. A44). 
This is the part of the argument he calls hypothetical. It is the fulfilment 
of the linguistic obligation incurred by the original supposition, and it 
is totally irrelevant whether or not the supposition is a conditional. 

In response to (2): Aristotle says that per impossihile syllogisms differ 
from other hypothetical syllogisms in that the latter require a prelimin
ary agreement, whereas in per impossihile syllogisms there is no pre
liminary agreement 'because the falsity is evident' (An. Pr. 5oa32-37). 
It is easy to misinterpret Aristotle.24 First, since the preliminary 
agreement in the hypothetical syllogism is to the hypothesis 'If P, 
then Q', one may be led to believe that the absence of a preliminary 
agreement in the per impossihile syllogism means that no hypothesis 
explicitly occurs at the beginning of a per impossihile syllogism. All 
Aristotle says however is that there is no preliminary agreement. It is 
not that one does not have to agree to a hypothesis: one does not have 

2. Do not confuse the fulfilment of a linguistic obligation with the discharge of a sup
position in a natural deduction system. The fulfilment of obligation occurs when, having 
agreed to acceptQif Pis proved, and confronted with aproofof P, oneacceptsQ. This 
bears no relation to the situation in a natural deduction where one supposes P, deduces 
Q, and then discharges the supposition by inferring If P then Q. 

23 Here the fulfilment of linguistic obligation and the discharge of a supposition as it 
occurs in natural deduction coincide. 

2. This is partly due to the fact that the translations of the relevant passages are misleading. 
The translators have tended to read their interpretation into the text. The reader who 
wishes to check the various interpretations, including my own, is strongly advised to 
use the Greek text and not rely on any translation. 
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to agree to anything at all. Aristotle does not say that no hypothesis 
occurs at the beginning of the per impossihile syllogism. Indeed a 
hypothesis does occur at the beginning of the per impossibile syllogism, 
but it is not a preliminary agreement; it is a supposition entertained 
during the course of the syllogism. Second, Ross interprets Aristotle as 
saying that while in a hypothetical syllogism one must explicitly agree 
to a hypothesis 'If P, then Q' because it is not obvious, in a per impossi
hile syllogism -

(PI2) P, suppose not-Q, then R; therefore Q 

- one need not explicitly state the 'hypothesis' not-R, since R is obvi
ously false.2s For example, having deduced from the supposition that 
the diagonal is commensurate with its side that a given integer is both 
odd and even, one immediately infers that the diagonal is incommens
urate (An. Pr. 50a37-38). One need not interpose the 'hypothesis' that 
no number is both odd and even. Ross has, in fact, isolated the reason 
why Aristotle only demands that one derive a falsehood rather than a 
contradiction in a per impossibile syllogism (cf. e.g. An. Pr. 4Ia24). 
Since the derived conclusion is obviously false, there is no need to derive 
its contradictory. There is, however, no reason to treat the contradict
ory of the directly derived conclusion as the hypothesis of a per 
impossibile syllogism. All that Aristotle says is that in per impossibile 
syllogisms, unlike other hypothetical syllogisms, one need not enter 
into an explicit preliminary agreement. It does not follow that there 
must be something else which is left implicit. Aristotle would have 
recognized arguments of the form 

(PI3) P, suppose not-Q, then R, but not-R; therefore Q 

to be per impossibile syllogisms. Even if the step ' ... but not-R' does 
not occur in the proof, there is no reason why it should be treated as the 
hypothesis of the argument. 

The point of Aristotle's distinction is not difficult to discern if one is 
not committed to finding a hidden hypothesis. Aristotle notes that it is 
a feature of per impossihile syllogisms that one does not merely deduce 
a falsehood, but an obvious falsehood (cf. e.g. An. Pr. 50a36). If one 
deduced a falsehood not recognized to be such, one would not be in a 
position to infer the contradictory of the supposition. Precisely because 
one deduces an ohvious falsehood R, Aristotle does not insist that one 
deduce the contradiction Rand not-R before inferring Q. Were R not 
.. Ross, Aristotle's Prior and Posterior Ana/ytics, p. 417. 



Hypothetical syllogisms 49 

obviously false, one would have to derive a contradiction. (This might 
in turn lead to a 'preliminary agreement' to the premiss not-R, but it is 
hard to understand why anyone who could not recognize R as false 
would be willing to accept not-R as a premiss.) 

There is no textual evidence that stands in the way of interpreting 
the supposition of a per impossihile syllogism as the hypothesis. And 
there is textual evidence in favour of the identification. Aristotle repeat
edly refers to the supposed premiss in a per impossihile syllogism as the 
hypothesis. (Cf. e.g. An. Pr. 62a4, 6rb36, 63a9, 63ar 5, 63a26, 63a30, 
63a33, 63a36, 63a4r, 63b4, 63b6, 63b9. Also, cf. 4ra3O-J2.) 

To understand Aristotle's attitude toward per impossihlesyllogisms, it 
is important to grasp the significance of what he calls the conversion of a· 
syllogism. In conversion one takes either the contrary or the contradic
tory of the conclusion of a syllogism and in conjunction with one of the 
premisses one deduces the contrary or the contradictory of the other 
premiss (An. Pr. B8, 59br-6). Only the conversion involving the 
taking of contradictories need concern us. Aristotle says that if the 
conclusion is converted and one premiss remains, it is necessary that 
the other premiss be 'destroyed' (An. Pr. 59b3). In a purely semantic 
setting if the contradictory of the conclusion and one of the premisses 
are true, it is necessary that the other premiss be false. For, as Aristotle 
notes, if that premiss were true, the conclusion would have to be true 
(An. Pr. 59b5). If'P, Q so R' is a valid syllogism, then IQ must be a 
semantic consequence of P, IR. But Aristotle is making more than a 
purely semantic point. Aristotle shows that the syntactic structure of 

the syllogistic is such that P ~Q is a formal syllogistic inference in one of 

the three figures if and only ifP,IR is;26 for example, each of the infer-
IQ . 

Aah Ahc Ahc Oa; Oac Aah 
ences A (Barhara), 0 (Baroco), and 0 (Bocardo) 

£ d ~ 

is related in this fashion. Let us call this the conversion property of the 
formal syllogistic. The upshot of this is that within the confines of the 
syllogistic, for every per impossihile syllogism of a conclusion there 
exists a direct deduction from the same premisses (cf. An. Pr. BI4, 

26 Strictly speaking, Darapti and Felapton are exceptions to this statement, but only 
because of Aristotle's refusal to recognize subaltern moods: see Patzig, Aristotle's 
Theory of the Syllogism, pp. IP.-J. See also, J. N. Keynes, Studies and· Exercises in 
Formal Logic, section 266. 
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62b38-63bI7; A29, 45a23-b:2.I). Per impossibile syllogisms are similar 
to conversion, says Aristotle, differing only in that (i) in a conversion, 
one converts an already formed syllogism with both premisses as
sumed; (ii) in a per impossibile syllogism there is no prior agreement to 
the contradictory of the derived falsehood, but it is clear that it is true 
(An. Pr. BII, 6Ia21-25). What are these differences? A per impossibile 
syllogism may be of the form 

(PI3) P, suppose Q; so R; but iR; therefore IQ. 
A full conversion is of the form 

(C) P, Q so R, thus iR, P so IQ. 
Here the use of the word 'so' signifies a formally valid syllogistic infer
ence from premisses to conclusion. The final inference in both (PI3) 

and (C) is to the same conclusion iQ, and is from the same premisses 
iR, P. The difference between (PI3) and (C) is, first, in the per im
possibile syllogism Q is explicitly supposed and thus isolated as the 
premiss to be overthrown if a falsehood is derived. Conversion pro
ceeds, as a five-finger mathematical exercise, deriving the negations of 
each of the original premisses in turn, without any specific regard for 
argumentative role. Second,per impossibile syllogisms have an essential 
semantic component. The final inference in the per impossibile syllogism 
depends upon the belief that if'P, Q so R' is a valid syllogistic inference 
then IQ is a consequence oflR and P. The final inference is not one 
that has been isolated as syntactically valid, but is semantically guaran
teed. However, had one thought to use iR as a premiss in conjunction 
with P, one could have derived iQ directly. Thus there is, within the 
confines of the syllogistic, never any point in employing a per impossib- . 
ile strategy unless one has not antecedently realized from which 
premisses a conclusion may be derived. This is why in a per impossibile 
syllogism there is no prior agreement to the contradictory of the 
derived falsehood. If there were then there would be no need to use a 
per impossibile syllogism: one could deduce the conclusion directly. Yet 
it must be clear, for the success of the per impossibile strategy, that one 
has derived a falsehood or, equivalently, that its contradictory is true. 
For otherwise one could not go on to prove the contradictory of the 
supposition. Thus the contradictory of the derived falsehood must have 
been available as a potential premiss: though it is not agreed on before
hand, it must be clear that it is true. 

The conversion property guarantees that, within the confines of the 
syllogistic, the only difference between per impossibile and direct 
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syllogisms is one of argumentative structure. The per impossihile syllog
ism does not provide a method for deducing conclusions which could 
not be deduced by direct means. Since direct and per impossihile 
syllogisms use the same terms to deduce a conclusion (An. Pr. A29, 
45a23-36), there is not just an abstract guarantee of the existence of a 
direct syllogism of any conclusion deduced by a per impossihile syllog
ism: the per impossihile syllogism actually furnishes the premisses from 
which the conclusion can be deduced directly. Given a per impossihile 
syllogism, if one changes the derived falsehood into its contradictory 
one can, in conjunction with the syllogistic premiss that was not sup
posed, directly deduce the conclusion of the per impossihile syllogism 
(An. Pr. A29, 45b4-8; BI4). Thus the study of per impossihile syllog
isms can be, for Aristotle, little more than part of an investigation into 
the role of supposition in argument. This is borne out by the contrasts 
Aristotle draws between direct and per impossihile proofs. 

Direct proofs differ from per impossihile proofs, first, in that the 
former begin with two premisses assumed to be true, whereas the 
latter posit one premiss that they intend, ultimately, to refute (An. Pr. 
BI4, 62.b29-35). In aper impossihile syllogism one assumes one premiss 
and supposes the other to be true, while suspecting that it is false (An. 
Pr. A29, 45b8-IO). That is the point of employing a per impossihile 
technique. So one difference between direct and per impossihile proofs 
is a difference of attitude toward the initial premisses. 

Second, in a direct proof it is not necessary to know the conclusion 
nor to suppose beforehand that it is true or false, while in a per impos
sihile syllogism one must suppose beforehand that the directly deduced 
conclusion is not true (An. Pr. Bq, 62b35-37). One cannot describe a 
per impossihile syllogism in abstraction from the epistemic state of those 
constructing it. A direct syllogism may be described in an epistemic 
vacuum. One mayor may not know the premisses and one mayor may 
not use a knowledge of the premisses to gain knowledge of the con
clusion. Only when outlining what it is about a direct deduction that 
makes it a proof is one forced to describe an epistemic relation to the 
deduction. By contrast one must acknowledge an epistemic element in 
a per impossihile syllogism· even qua deduction. One must recognize 
that the syllogistically inferred conclusion is false. This is so whether 
one is describing a per impossihile syllogism or a per impossihile proof. 
Even if one is only describing a syllogism it must nevertheless be 
assumed that only one of the premisses is being supposed - and, by 
contrast, that the other is known and asserted to be true - and that 
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the derived conclusion is known to be false. Otherwise one cannot 
explain why the particular inferences that occur in a per impossihile 
syllogism are made. Thus one would expect Aristotle to pay little 
att~ntion to the distinction between per impossihile syllogisms and 
per impossihile proofs. For the description of the per impossihile syllo
gism alone demands recognition of the argumentative context in 
which it is set in a way that a direct deduction does not. The line 
between aper impossihile syllogism and a per impossihile proof must be 
thin. ' 

The only significant difference between per impossihile and direct 
syllogisms lies in the forced acknowledgement of argumentative role in 
the description of a per impossihile syllogism. This ultimately explains 
why Aristotle is not bothered by the inability of the syllogistic to ex
press such arguments. I have already argued that Aristotle could not 
give an analysis of syllogistic consequence. For Aristotle's programme 
it is crucial that all imperfect inferences are perfectible: were the means 
of perfection inadequate to reduce all imperfect syllogisms, Aristotle 
would have had to devise an analysis of the concept of logical conse
quence which would justify treating a certain non-perfectible inference 
as valid. Since Aristotle explicitly warns against attempting to reduce 
per impossihile syllogisms (An. Pr. A44), one might think that the per 
impossihile syllogism would pose the recalcitrant imperfect inference 
that, by its imperfectibility, would topple the entire Aristotelian edifice. 
One might thus be led to wonder why Aristotle does not discuss the 
foundation of our belief that inference by a per impossihile syllogism is 
valid. If one is to argue validly, one must do more than make valid 
inferences, one must make inferences that are known to be valid. Not 
all knowledge is explicit: for obviously valid inferences we may not be 
able to say in what our knowledge of their validity consists. Yet we can 
simply see the truth of the conclusion as flowing directly from the truth 
of the premisses: e.g. from Aah and Ahc it follows obviously that Aac. 
With a per impossihile argument, one simply infers from the derivation 
of a contradiction to the contradictory of one of the premisses. It is 
difficult to see in what one's knowledge'ofthe truth of this statement 
consists. How does one know that the inference is valid? One certainly 
does not see its truth as directly built up from the truth of its premisses. 
Further, if a proof is supposed to enable one to recognize the explana
tion of the conclusion as the explanation (An. Pst. A2), how could a per 
impossihile argument ever be considered a proof? 

If, however, one confines oneself to the formal syllogistic, these 
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problems do not arise. Given a per impossihile syllogism in the language 
of the syllogistic -

P, suppose not-Q so R; but not-R; therefore Q 
- the two ultimate premisses of argument, P and not-R, will be the 
premiss~s from which one can directly deduce Q. Thus the problem 
of one's knowledge of the validity of a per impossihile syllogism is 
reduced to that of our knowledge of the validity of a direct inference. 
One is never led by a per impossihile syllogism to a conclusion that 
cannot be deduced directly. One can see why Aristotle need not be 
bothered by the syllogistic's inability fully to formalize hypothetical 
syllogisms. For any per impossihile syllogism there is a corresponding 
direct syllogism which can be formalized; other hypothetical syllog
isms may not be formalizable but they are not, strictly speaking, deduc
tions at all. That fragment which is a deduction can be formalized. The 
claim that the syllogistic is adequate for the expression of all syllogisms 
(An. Pr. A23) is not threatened by hypothetical syllogisms. Since the 
per impossihile syllogism contains the premisses of a direct syllogism, in 
so far as it is possible for the one to embody the cause or explanation of 
the conclusion, so can the other. 

Further, the per impossihile proof does not appear to be a genuinely 
alternative mode of proof. Within the syllogistic it seems no more than 
a technique of searching for premisses. If one wishes to prove a con
clusion Q, which one does not know how to prove directly, one looks 
for any premiss P which one knows and which in conjunction with 
not-Q can be used to derive a known falsehood R. The contradictory 
of the known falsehood, not-R, will be the premiss needed to deduce Q 
directly. Thus when Aristotle comes to criticize proof per impossihile, 
in Posterior Analytics A26, all he can say is that the premisses which are 
prior in nature ..:.. those from which the conclusion can be proved 
directly - are not sufficiently familiar to us. The need for proof per 
impossihile arises from the fact that we are not born knowing the 
structure of the universe but must learn it. This we do by moving from 
experience of particulars to universals. Precisely because the direction 
of knowledge-acquisition is the reverse of the direction of cause in 
nature, what is familiar to us may not be what is prior in nature (An. 
Pst. A2, 7Ib33ff). Proof per impossihile is useful when our knowledge 
does not reflect the structure of the universe. It is a method not just for 
proving a conclusion, but of searching for the 'proper premisses from 
which a direct proof, embodying the cause' (or explanation) can be 
formed. It is a method for bringing the stnicture of our knowledge into 
harmony with the structure of the universe. 
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A pair of premisses is syllogistieally sterile if it has no syllogistic conse
quence. For every pair of premisses in the three figures Aristotle shows 
either that they are the premisses of a syllogism or that they are syllog
istically sterile (An. Pr. A4-6). The proof of sterility of every premiss
pair that is not shown to be the premiss-pair of a syllogism is essential 
to Aristotle's programme: it is a test of the adequacy of the means of 
perfection. Were premiss-pairs not exhaustively partitioned, one would 
not know whether the means of perfection so tar employed were 

. sufficient to perfect all the imperfect syllogisms. 
Since a syllogistic consequence follows of necessity from the pre

misses, to establish sterility one must prove a certain possibility. That 
is, one must show that it is possible for the premisses of the form in 
question to be true without any syllogistic conclusion, linking the 
major and minor terms in the prescribed order, being true .. 

The first premiss-pair Aristotle proves sterile is Aha, Eeh in the first 
figure. 

'But if the first term belongs to all the middle, but the middle to none 
of the last term, there will be no syllogism in respect of the extremes; 
for nothing necessary follows from the terms being so related; for it is 
possible that the first should belong to all or none of the last, so that 
neither a particular nor a universal conclusion is necessary. But if there 
is no necessary consequence, there cannot be a syllogism by means 
of these premisses. Terms of belonging to all: animal, man, horse;. 
terms of belonging to none: animal, man, stone.' (An. Pr. A4, 26a2-9) 

Why is it that if it is possible for the major term to belong to all or 
none of the minor term then nothing necessarily follows? According to 
Ross and Kneale, if one can find terms a, h, e, such that Aha and Eeh 
are true and Aea is also true, then the possibility of the first two 
premisses having a negative first-figure consequence - either universal 
or particular - is eliminated. For example, since (i) the sentences 'All 
men are animals', 'No man is a horse', 'All horses are animals' are all 
true; and (ii) the sentences are of the form, respectively, Aha,. Eeh, Aea, 
it follows that Aha and Ech could not be the premisses of a syllogism 
with a negative conclusion, Eea or Oea. Similarly, if one can find terms 
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a~ h~ e, such that the premisses Aha and Eeh are true and Eea is also 
true, then the possibility of the premisses of this form having an 
affirmative conclusion, whether particular or universal, is eliminated. 
Since (i) 'All men are animals', 'No man is a stone' and 'No stone is an 
animal' are all true; and (ii) these sentences are, respectively, of the 
form Aha, Ech~ Eea, it follows that Aha and Eeh could not necessitate 
an affirmative conclusion, Aea or lea. The elimination of these two 
possibilities ensures that premisses of the form Aha and Eeh have no 
syllogistic consequence. Aristotle's procedure in this passage is simply 
to present two sets of concrete terms such that the premisses that can'be 
constructed out of either set are actually true and of the form Aha and 
Ech, while the actual relation between the extremes in the first set is 
universal affirmative and the actual relation between the extremes in the 
second set is universal negative.1 Aristotle's method is to show that 
premiss-pairs are sterile rather than prove that specific moods are 
invalid. Given that a single proof of sterility shows, by implication, 
that four distinct moods are invalid, proving sterility is a far more 
economical procedure than proving invalidity.2 

Consider the following argument: Actual states of affairs are a 

1 See Ross, Aristotle's Prior and Posterior Ana/yti&s, pp. 2.8-9; W. & M. Knea1e, The 
Development of Lo'g;c, p. 75. Note that the sterility proof does not eliminate the possi
bility of the premiss-pair having any semantic consequence. It only diminates the 
possibility of the premisses having a syllogistic consequence, linking the major and 
minor terms in the prescribed order. For example, the pair Aha, &h have no syllogistic 
consequence, but they do have a semantic consequence Oac. Aristotle's procedure does 
not eliminate this possibility because the major term a is functioning as the subject and 
the minor term c is functioning as the predicate. Remarkably, Aristotle notices this 
(2.9aI9-2.9) but he expresses himsdf not by recanting and allowing that Aha, Ech do 
after allform the premisses of a syllogism, but rather he says one gets a syllogism (",vETa, 
uvMoy,a,..!s) if one converts the premisses (2.9a2.3, 2.9a2.7). That is, if one converts 
both premisses one forms the premisses lah, Ehc which are the premisses of a first 
figure syllogism (Ferio) with the conclusion Oac. Aristotle thus does not simply over
look the so-called fourth figure: he positivdy refuses to recognize it. (Cf. PatZig, 
Aristotle's Theory of the Syllogism, pp. 55, 168-83.) 

2 Aristotle employs two other methods of proving sterility. One is a deviant counter
example, technique, employed at 2.6a39-bI4; for a discussion of which see Ross, 

.' Aristotle's Prior and Posterior Ana/ytics, p. 304; cf. Pattig, Aristotle's Theory of the 
SyUogism, p. 178. The other is exemplified in Aristotle's proof at 2.6bI4-I9 that the 
pair Aha, Och is sterile. The argument is that (I) if Aha, Och had a syllogistic con
sequence Xca, then Aha, ECD would have Xca as a consequence as wdl. But (2.) Aha, 
EcD was proved by counterexamples to be sterile (An. Pr. 2.6a2.). Therefore (3) ADa, 
OCD is sterile. This method of proof established the sterility of ADa, OcD via the sterility 
of ADa, EcD which was in turn proved by the standard appeal to counterexamples. 
Thus this method, which proves the sterility of a premiss-pair containing a particular 
premiss on the basis of the sterility of a premiss-pair containing an appropriate universal 
premiss, depends ultimately on the use of counterexamples. Cf. e.g. An. Pr. 2.7bI2.-2.3; 
2.8b2.2.-3I; 2.8b38-2.9a6. (Cf. Pattig, Aristotle's Theory oftl.e SyUogism, pp. 177-81.) 
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fortiori possible ones. Since we can be directly confronted with an 
actual state of affairs, we can be sure that that state is possible. What is 
is an epistemic paradigm of what may be: we can be certain that actual 
states of affairs with which we are directly confronted are possible. Thus 
Aristotle's proof of the possibility of certain predicational relations by 
appeal to actual predicational relations is a model for proving possibility. 
While there may be other ways to prove a premiss-pair sterile, Aris
totle's use of actual counterexamples is a completely adequate method. 

Peter Geach does not agree. He has objected to the entire Aristotelian 
approach of using counterexamples to establish syllogistic sterility.3 
Rejecting the premiss-pairs Oba, Ecb and Iba, Ecb Aristotle says 

'Again if b belongs to no c, and a belongs to some b or does not 
belong or does not belong to all, there will not be a syllogism. Take 
the terms white-horse-swan; white-horse-raven.' (An. Pr. 26a36-:-39) 

The first set of terms is supposed to show that while some horses are 
white and not all horses are white, all swans are white. But Aristotle 
was wrong about the colour of swans; they are not all white. So, Geach 
argues, 'the refutation fails in this instance, and is it not unworthy of 
logic to have to worry about black swans turning up, even if they never 
do ?' The problem is not that of black swans turning up so much as that 
of having to worry about black swans turning up, even if they never do. 
The source of Geach's complaint is that a counterexample from any 
specific discipline - whether from botany, geology, physics or theology 
- will only show that an inference is invalid, not why. We must worry 
about our counterexample being overthrown because we do not know 
why the inference is invalid and thus the counterexample provides our 
only grounds for thinking that it is invalid. 

Geach credits Saccheri with overcoming this difficulty 'by construct
ing, for each invalid mood, a counter-example belonging to logic itself'. 

S fi I . h· Aba Ecb. l·d 0 uppose, or examp e, one WlS es to prove 0 Inva 1. ne can 
ca 

construct, using second intention terms, the following syllogism S: 

All instances of Barbara No ins~ance of Ab a Ecb 
are valid is an instance Oca 

of Barbara 

N 11 · fAba Ecb l·d ot a Instances 0 are va 1 
Oca 

3 Geach, Logic Matters, pp. :189-301. See especially pp. :198---<]. 
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Thi ' II ' " If' f Aha Ech A G h I s sy oglsm IS ltse an mstance 0 • s eac correct y 
Oca 

points out, even if this particular syllogism is valid, one cannot con-

clude that AhaO Ech is a valid form. For while every instance of a valid 
ca 

form is valid, not every instance of an invalid form need be invalid. 
Some instance of an invalid form may be valid because it is also an 
instance of a valid form. For instance, 

All men are men All men are men 
All men are men 

, I'd ' f th' lid fi Ahc Aac b 'al I'd IS a va 1 mstance 0 e mva orm , ut IS so a va 1 
Aah 

AM Ahh 
instance of the valid form AM • So one must argue as follows: 

(I) If the syllogism S is valid, then since the premisses are true, the con-

I ' b S ' fAha Ech b lid c USlOn must e true. 0 some mstance 0 0 must not e va . 
ca 

Thus the figure itself is invalid. (2.) If, however, the syllogism S is 

, I'd th ' " If ' f th fi Aha Ech thi fi b mva 1, en smce It Itse IS 0 e orm 0 s orm must e 
ca 

invalid. Note that, as the argument has been formulated, it is misleading 
to say that one has constructed 'a counter-example belonging to logic 

, If' ' , I' f Aha Ech h b 'd f Use ',smce no parttcu ar mstance 0 0 as een conVlcte 0 
ca 

invalidity. One is thus faced with the following problem. If, on the one 
hand, S is a valid syllogism, then it seems to prove the existence of 

some other syllogism of the form Ah~ Ech that is invalid. The proof is 
ca 

non-constructive, failing to provide an instance of the syllogism which 
is convicted of invalidity. If, on the other hand, S is invalid, then both 
its premisses and conclusion are true. Of course, invalid inferences may 
have instances in which both premisses and conclusion are true. But, 
given only an inference with true premisses and true conclusion, can 
one be confident that one will see why the inference is invalid? 

Geach would have done well to stick more closely to Saccheri's 
actual procedure in the Logica Demonstrativa, which only appeals to 
syntactic fa,cts about the syllogistic inferences.4 Consider, in the manner 

+ See Hieronymo Saccherio, Logica Demonstrativa, Theo"'gicis, Philosophicir (;. Mathe-
maticir Dirciplinir accommotltzta, e.g. pp, 81-3. 
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of Saccheri, the syllogism S': 

All instances of Barhara 
are first figure syllogisms 

. Aha Ech 
No tnstance of 0 

ca 
is an instance of Barhara 

. Aha Ech 
Not alltnstances of 0 are first figure syllogisms 

ca 

Thi . - b' I I . .. fth fi Aha Ech 5 1S 0 VlOUS Y a counterexamp e, stnce 1t 15 0 e orm 0 
ca 

and has true premisses and a false conclusion. This counterexample is 
derived from the theory of the syntax of the syllogistic. One may, if 
one wishes, call this a 'counter-example belonging to logic itself' so long 
as one is not thereby misled into thinking that the counterexample 
reveals why an inference is invalid in a way that any other obviously 
invalid syllogism does not. Saccheri's own method is indeed ingenious, 
but it does not yield any special insight into the why of invalidity. 

Saccheri's procedure, says Geach, is not necessary to remove what he 
sees as the defect in Aristotle's sterility proofs. For we may convince 
ourselves that a syllogistic inference is invalid using Lewis Carroll 
diagrams, and this dQes not require any actual interpretation of the 
term variables. 

How do Lewis Carroll diagrams work? Consider, as a simple case, 

the invalid inference ~;! .5 To reveal the invalidity of this inference one 

first constructs the diagram: 

ab ab' 

a'b a'b' 

The prime '" after a letter is a sign of complementation: so that 'a" 
can be read as 'not-a' and has as its extension the Boolean complement 
of a. One then fills in the box according to certain rules for each type of 
syllogistic formula. Underlying the procedure is the idea that one fills 
a box with an X if the truth of the premisses ensures that there is some
thing in the extension of the terms or with an 0 if the premisses ensure 
• Invalid syllogistic inferences require a slightly more complex diagram, the complexity 

of which is irrelevant to the point I wish to make. See Lewis Carroll (Charles Dodgson), 
Symholic Logie Part I, Elemenrary, pp. 2.I-83. 
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that there is nothing in the extension. To test the validity of an infer
ence, Geach has suggested that one try to represent the premiss(es) 
together with the contradictory of the conclusion.6 If one can do this 
the inference is invalid; if one cannot, the inference is valid. So to test 

the validity of ~;! we first represent the premiss, according to Lewis 

Carroll's rules: 

ab ab' 

X 0 

a'b a'h' 

The X in the upper left-hand corner reveals that there are a that are h 
and the 0 in the upper right corner marks that there are no a that are not 
h. This is, according to Lewis Carroll's I1:lles, the information contained 
in the premiss. The lower left-hand corner is unoccupied, so it is 
possible to fill it in with an X, which represents the contradictory of the 
conclusion,· that some h is not a: 

ab ab' 

X 0 

(*) 

X 

a'b a'h' 

Thus the inference is invalid. 
An obvious advantage of Aristotle's method over this test is that it 

provides terms with which one can construct truth-defeating instances 
of all invalid moods related to. the sterile premiss-pair. One is thus not 
merely convinced of the abstract possibility that the inference may lead 
from truth to falsity. This possibility would hold even if the inference 
preserved truth for all instances using the terms of one's language. 
Aristotle's method allows one to construct actual·instances of the 
invalid inference, in one's own language, which are witness to its in
validity. This is an important advantage, for on what grounds does one 
believe that the rules for filling in a Lewis Carroll diagram will dis
tinguish the valid from the invalid inferences? Is it not because the 
rules harmonize with our pre-existing beliefs about which inferences 
• See Geach, Reason and Argument, p. 57. 
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are valid? Were there any serious question about the validity of Aab 
Aba 

a Lewis Carroll diagram would be of no help. Someone who believed 
in the validity of the inference might well represent the premiss in a 
diagram: 

ab ab' 

X 0 

(**) 

0 
a'b a'b' 

Then since the lower left corner is occupied it is not possible to repre
sent the contradictory of the conclusion: the inference comes out valid. 
And on what basis should one prefer Lewis Carroll's rules for filling in 
the diagram rather than this man's? One might object, 'Look here, 
there is nothing in the premiss which says that no b is not an a', which 
there would have to be if the rules for Aab included putting a 0 in the 
lower left corner. But this objection does little more than state that we 
do not find the inference valid. One who 'saw' the inference as valid 
might reply by insisting that when he filled in (**) he was proceeding 
according to rules which only put in information contained in the 
premisses. We may feel that we have only put in information contained 
in the premiss whereas he has put in more. But he may retort that when, 
for instance, we fill in the upper right corner with a 0 we simply assume 

the inference ~!~aiS valid. Even if the inference is valid, he may say, the 

information that Eb' a is not contained in the premiss. So when one fills 
in a Lewis Carroll diagram one is doing more than merely recording 
the information contained in the premiss: the rules for filling in the 
diagram reveal one's beliefs about which formulas follow from which. 
The man who fills in the deviant diagram (**) may believe that he has 
seen more about what follows from Aab than we have. 

Or, to take a more mundane case, someone might object that when 
we fill in the diagram (*) by putting an X in the upper left-hand corner 

we simply assume the validity of the inference Aab. This inference has 
lab 

in the past been the source of debate and confusion.7 Someone who 
thought the inference invalid on the grounds that Aab is true in an 

7 Cf. e.g. Bochenski, A History of Formal Logic, pp. 365-']. 
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empty domain would believe that when we filled in the upper left 
corner with an X we not only put in more information than was con
tained in the premisses, but we begged the question by assuming the 
inference valid. This case is straightforward, since there is no reason to 
think that we could not locate the source of our disagreement. But it 
does make it clear that the rules for filling in and interpreting a Lewis 
Carroll diagram are useful because they are formulated in a context of 
general agreement about which are the valid and which are the invalid 
inferences. Geach is correct that we may convince ourselves that a 
syllogistic inference is invalid using Lewis Carroll diagrams. However, 
the reason for this is that the diagrams conveniently codify our pre
existing beliefs. 

Geach's point might have been stronger if he had recommended that 
one convince oneself with Euler rather than Lewis Carroll diagrams. 
For Euler diagrams give a spatial representation of the extensions of the 
predicates which one can visualize.8 The situation described by Aab is 
compatible with both Euler diagrams: 

(i) 
(ii) 

o 
The Euler diagram, it might be argued, enables one to see why Aab may 
be true and Aba false, in a way which the Lewis Carroll diagram fails. It 
reproduces in spatial extensions the analogous situation that would 
have to occur with respect to predicate extensions for an instance of 

Aab to be truth-defeating. 
Aba 

But even if one thus convinces oneself of the invalidity of the infer
ence, on what grounds is one justified in being so convinced? Suppose 
one appeals to the actual spatial relations that exist in the diagram (i) as 
drawn. By giving the variables of the syllogistic formula the appropri
ate spatial interpretation, the actual spatial relations in the diagram are 

• One then must put up with the inconvenience - which Lewis Carroll diagrams avoid -
that none of the formulas 'Aall, 'Jail, 'Oall can be represented by a single Euler 
diagram. Thus one may have to draw more than one Euler diagram to show that a 
syllogistic inference is invalid. 
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supposed to show that the inference in question, under the nonnal 
predicate interpretation, is invalid.9 . 

If one appeals to the actual spatial relations of the Euler diagrams, 
then one is not justified in attacking Aristotle's use of actual counter
examples per se: at most one can object to the type of counterexamples 
Aristotle employed. Why is this use of Euler diagrams superior· to 
Aristotle's use of biology or general knowledge? If the logician qua 
logician ought not to have to appeal to the actual truth of premisses in 
proving invalidity (or sterility), the present argument will not help, for 
it demands appeal to actual spatial relations. Perhaps the superiority of 
the Euler diagrams lies in the fact that one need not worry about black 
swans turning up, even if they never do. However, Euler diagrams do 
not put an end to epistemic anxiety. One may not have to worry about 
black swans turning up, but one ought to worry about the type of 
surface on which the diagrams are drawn. If we draw an Euler diagram 
on a sheet of paper, it is convincing because we assume· that the 
surface on which it is drawn has the same topology as a Euclidean plane. 
Our perception of boundaries, of interior and exterior spaces is gov
erned by this assumption. 

Suppose that when we drew an Euler diagram like (i) we unwittingly 
drew it not on a Euclidean plane but in 'Escher-space' which, from a 
Euclidean point of view, looks like a torus.IO 

• One can also use Euler diagrams to prove a premiss-pair sterile. Instead of using the 
term white-horse-swan, white-horse-raven to show Gha, Ech sterile, one can, on this 
view, construct the diagrams: 

10 Smiley suggested this example to me. 
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Were the line 'enclosing' a drawn around the 'hole' of the torus one 
would fail to enclose a proper subspace of h. 

The topological structure of the torus differs from that of a Euclidean 
plane in that drawing a circle on it is not sufficient to guarantee that one 
has divided the surface into two distinct, disjoint areas.ll So the Euler 
diagram actually drawn would fail to provide a counterexample to the 
invalid rule of conversion, and is it not unworthy of logic to have to 
worry about Escher spaces turning up, even if they never do? This 
11 The important topological fact about the torus is that it is not simply connected. If we 

draw the Euler diagram on a simply connected surface other than a Euclidean plane, 
e.g. a Euclidean sphere, it will divide the surface into two distinct disjoint areas. 
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envisaged failure to prove possibility by appeal to the actual is sym
metrical to Aristotle's in that (a) the inference in question is invalid; 
(h) the alleged counterexample is not in fact a counterexample; (c) the 
alleged counterexample convinces one of the invalidity. 

One might want to escape from this objection by insisting that one 
does not appeal to the actual spatial relations of the Euler diagram: 
rather, the diagrams are purely heuristic. The claim that the use ofEuler 
diagrams is purely heuristic is ambiguous. The strongest interpretation 
of the claim is, I think, that the Euler diagram enables us to see how to 
construct actual counterexamples. That is, the Euler diagram in effect 
provides us with a rule for constructing counterexamples that invalidate 
the inference. For example, by studying Euler diagram (i) I can see 

how to invalidate AAah in a domain of only two objects; for instance, the 
'ha 

pen and pencil on my desk. I simply let' a' be 'pencil on my desk' and 
'h' be 'writing implement on my desk'. 

Through this heuristic use of Euler diagrams one is, with Aristotle, 
brought back to the use of actual counterexamples to invalidate an 
inference. One cannot now quibble with Aristotle on the use of actual 
counterexamples per se, but only on the type of actual counterexample 
employed. Aristotle ran into trouble because he relied on a non
observational counterexample, the colour of all swans. One has far less 
chance of failing to appeal to the actual if one confines oneself to the 
writing implements on one's desk or, for that matter, the colour of 
swans which one has actually seen. 

Further, Aristotle's sterility proofs do not merely provide counter
examples: they possess the same heuristic value as an Euler diagram. 
For when Aristotle presents sets of concrete terms, he also states what 
predicational relations they are supposed to exhibit. (E.g. the terms 
animal-man-horse are 'terms of belonging to all' (An. Pr. 26a8).) By 
recognizing the predicational relations that the counterexample is 
supposed to exhibit one can easily proceed to form other counter
examples. Aristotle's sterility proofs supply both the heuristic informa
tion of ari Euler diagram and (except in one unfortunate case) an actual 
counterexample. . 

Even the unfortunate case may not be that unfortunate. There is no 
doubt that when Aristotle presented the terms white-horse-swan he 
thought he was presenting an actual case in which the major term is 
predicated universally and affirmatively of the minor. However, it does 
not follow that when Aristotle fails to present an actual case he has 
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failed to prove a possibility. For Aristotle's counterexamples may serve 
functions other than being actual cases. As long as one can recognize 
Aristotle's intention that white-horse-swan exhibit a universal affirmat
ive predication between the extremes, one can use the terms Aristotle 
gives to construct the diagrams: 

(j') (jj') 

One can take the diagrams to exhibit predicational relations which are 
witness to the sterility of Oha, Ech even if one is mistaken about the 
actual extension of the terms used in the construction of the diagram. 
Thus, in the one case in which Aristotle fails to prove the possible by 
recourse to the actual, his method collapses into a variant of the method 
of providing Euler diagrams. That is, by recognizing Aristotle's belief 
that all swans are white, one can use the terms as variables and supply 
them with the extensions which it is believed they have. The failure is 
similar to that of drawing Euler diagrams in 'Escher space'. One can 
recognize the intention that the diagrams be drawn on a Euclidean 
plane and thus one need not worry about either black swans or Escher 
spaces turning up, even if they sometimes do. 

A more abstract interpretation of the claim that the Euler diagram is 
purely heuristic is that it enables one to see that a certain relationship 
holds within the set theory of mathematical points. Just as one would 
not fail to prove Euclid I-P_ if the figure one drew on the blackboard 
did not actually have interior angles equal to two right angles, neither 
does one fail to prove the possibility of certain spatial relations even if 
the Euler diagrams one draws actually fail to embody them. By drawing 
the diagrams one comes to see that within a Euclidean plane, circles 
could be drawn that embody the requisite spatial relations. One is 
persuaded of a possibility, but not via a presentation of an actual case. 
This approach is supposed to free one from a dependence on the actual. 
However, what grounds are there for believing that the set theory of 
points describes a possible structure? One may not appeal to the exist
ence of an actual structure, for such an appeal would land one squarely 
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back with the very problem this approach is supposed to avoid. Denied 
appeal to the actual, one might try to show that elementary EucIidean 
plane geometry describes a possible structure by pointing to the fact 
that it is demonstrably consistent.12 However, one must be cautious in 
moving from the fact that a theory is consistent to the assumption that· . 
it describes a possible structure. For suppose the consistency proof 
were model-theor~tic (e.g. one shows that EucIidean plane geometry 
can be modelled within a richer solid geometry)~ Then one only shows 
that if one assumes 'that some other theory describes a possible structure 
one can model the original theory within it. Such a procedure is unhelp
ful, since it only shifts to a different structure the question of why one 
thinks a certain structure is possible; On the other hand, s~ppose .that 
the consistency proof is proof-theoretic. Such a proof proceeds, by 
analysing the structure of proofs and showing that for no sentence P 
of the language of the theory are P and ~P derivable from the;: axioms. 
One thus still needs an argument which ·moves from the non-deriv
ability of contradictions to the existence of structures which are models 
of that system. Such an argument would be a completeness· proof for 
the theory. For one way to prove ·the completeness of the axioms and 
rules of a theory T is to show that if a sentence P is not a theorem, then 
there is a model of the axioms of T and ~P. But consider the form of a 
Henkin-style consistency proof: it assumes the existence of certain 
structures on the basis of which one can construct an interpretation 
which provides a model of Tand ~P. Again the problem is shifted but 
not resolved.13 Further, a counterexample from set theory should 
hardly be satisfying to Geach. For it would not be a 'counter-example 
belonging to logic itself'; it is as bound to a particular discipline as is a 
counterexample from physics. 

In summary, someone who wishes to avoid Aristotle's use of 

12 Indeed it is even decidable. Cf. Alfred Tarski, 'What is elementary geometry?'; and A 
Decision Method fo~ Elementary Algehra and Geometry. 

13 Benacerraf has raised the further problem of how knowledge of Platonic objects is 
possible at all (,Mathematical Truth'). Even if the set theory of points did describe a 
possible structure, how could we know it? It is doubtful that· a proponent of this 
interpretation could answer this question by construing set theory non-platonistically. 
Putnam, for example, has argued that one should interpret set theory modally: one 
should view mathematics as making ontologically neutral statements of possibility and 
necessity: 'Sets if you will forgive me for parodying John Smart Mill, are permanent 
possibilities of selection' ('Mathematics without foundations', Philosop1W:al Papers, 
vol. I, p. 49). Sets are viewed as remcations of possibilities. To try to prove that certain 
spatial relations are possible by assuining the existence of a set-theoretic model would 
be, on this view, to assume the possibility one is trying to prove; albeit in an onto
logically disguised form. 
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counterexamples by using Euler diagrams is faced With the following 
trilemma: either (I) he appeals to the actual spatial relations of the 
Euler diagram in which case he cannot completely avoid the danger 
that some appeal to the actual may fail. He differs from Aristotle not on 
the issue of using actual counterexamples, but only on the type of actual 
counterexamples it is safe to use. Or (2) the Euler diagrams are taken as 
purely heuristic, but they function as tools for constructing actual 
counterexamples. The usefulness of the Euler diagram depends upon the 
facility with which it enables one to construct an actual counterexample. 
One has not left actual counterexamples behind: they are the foundations 
of this procedure. Further, in heuristic value, Aristotle's own sterility 
proofs are equivalent to the Euler diagrams. Or (3) the Euler diagrams 
are purely heuristic, enabling one to see that certain relations could 
hold in the set theory of points. Here dnedoes not escape the problem 
of having simply to assume that certain structures are possible. 

The Aristotelian proof of possibility. moves from a contingent 
premiss - that certain predicational relations actually exist - to a neces
sary conclusion - that it is proved that certain predicational relations 
are possible. This may be the source of the disquiet that underlies the 
various objections to Aristotle's use of actual counterexamples.14 Let P 
be a sentence expressing the existence of certain predicational relations. 
Then Aristotle's sterility proof moves from appeal to the actual 
instantiation of P to the claim that it is proved that 0 P .. Let us call 
such a proof S5-acceptable. An inference from P tqO Pis unproblem
atic: actual predicational relations are a fortiori p'ossible. But how can 
one move from an appeal to the actuality of P to the claim that it is 
proved that 0 P? This question conAates two distinct problems. The 
first is how, on the basis of this form of proof, we can claim that what 
has been proved is necessary. The second is how one could be justified 
in claiming that one had proved a possibility. 

The first problem, over necessity, should not arise for anyone who 
finds the notion of contingent possibility incoherent. I do not know 
how to argue for iterated modalities in a way. which avoids heavy 
appeal to intuition. Given that caveat, I cannot make sense of the claim 
that a state of affairs is logically possible though it is possibly not 
possible. This is because I cannot see how a state of affairs genuinely 
might be logically impossible, yet fail to be impossible. The difficulty is 

14 ct. e.g. Ross, Aristotle's Prior and Posterior Ana/ytics, pp. :18--9; Lukasiewicz, Aris
totle's SyOogistic From the Standpoint of Modern Formal Logic, p. 74; Geach, Logi~ 
Matters, pp. :1911-9. 
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compounded when, as in this case, the possible state of affairs happens 
to be actual. Here we must entertain the idea that a state of affairs which 
actually exists might have been logically impossible. The semantics has 
to be quite bizarre to satisfy both the claims (i) P and (ii) lOOP. To 
satisfy (i) P must be true in the actual world. To satisfy (ii), which is 
equivalent to OOIP, there must be a world w in which P is necessar
ily false. That is, in all worlds accessible to w, P is false. The accessibil
ity relation of such a model appears artificial and odd. The actual world 
must have access to a world which does not have access to it. The con
cept of logical possibility is such that it should not be restricted by 
accessibility relations. If we wish to know what is possible, we wish to 
know what is true in all possible worlds. These remarks do not refute 
the thesis that there are logical possibilities which are only possibly 
possible. They do, however, shift the burden to those who believe in 
non-necessary logical possibilities to explain themselves. 

What objection is there to regarding an S5-acceptable proof, of the 
type described, as a proof? The second problem, concerning proof, 
arises because the contingent preniiss is not itself proved nor is it neces
sary or known a priori; and there is always a danger that one's appeal to 
the actual will fail. However, no form of proof is epistemically airtight. 
In, for example, an axiomatic proof, one must assume that the axioms 
are true and there is always the danger that one will be mistaken. If, on 
the one hand, one's objection to S5-acceptable proofs is based on the 
radical Wittgensteinian fear that no matter what one may do to safe
guard one's appeal to the actual one may still fail, then a similar fear may 
infect any form of proof. We may thus 'divide through' by this fear. If, 
on the other hand, one's fear is more localized, then it should abate 
when one chooses actual cases for which the possibility of being misled 
is minimal. Aristotle failed because he used a theoretical belief about the 
colour of all swans. However, that failure could easily have been 
averted if he had appealed to an observational counterexample; e.g. the 
colour of all swans he had ever seen. Here it is not the appeal to the 
actual that should be questioned, but the type of actual case used. The 
source of the second worry is, I think, that while the conclusion - that 
certain predicational relations are possible - can be known a priori, the 
premiss - that certain predicational relations actually exist - can only be 
known a posteriori. However, a priori knowledge is that which one can 
come to know independently of experience: there is no reason why one 
has to.15 

.. See SaUI Kripke, 'Naming and necessity'. 
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, Indeed, there is no reason to believe that all possibilities can be known 
a priori. Peter Long has argued that the role of the actual in a proof of 
logical possibility must always be eliminable.16 Long contrasts the role 
of the actual in demonstrating logical and physical possibility. For 
example, to prove syllogistic sterility one may appeal to the actual 
spatial relations of Euler diagrams. However, one could also simply 
describe the Euler diagrams or merely treat them as heuristic. By con
trast, the role of the actual in the proof of the physical possibility of 
black swans could not be replaced by a drawing of a swan which was 
painted black: 

'The role or function of the actual in demonstrating a logical possi
bility is essentially one that may be taken over by a picture or a 
drawing. In other words, a particular object or situation serves as a 
proof of a logical possibility through being used in a way in which a 
picture or a drawing may also be used. So it is not, as one might put it, 
by virtue of the actuality of the actual case that such a possibility is 
demonstrated by its means.' 

Long maintains that since the role of the actual in a proof of logical 
possibility is essentially one that can be replaced, it is not in virtue of 
the actuality of the actual case that possibility is demonstrated. 

At most Long has shown that the role of the actual in a proof of 
logical possibility may sometimes be replaced. For there is no reason to 
believe that an actual situation is always such that we could know, from 
the description, that it could be actual (or even possible). The actuality 
of a black swan convinces us that it is possible. Suppose, however, one 
were presented with a description of a black swan. One might not 
immediately be able to see whether or not such a thing is logically 
possible: that is, there will be nothing in the description such as 'this 
animal is black and white all over' which would immediately enable 
us to see that there could be no such animal, but what guarantee do 
we have that there is no contradiction hidden in the description ?17 

For many possibilities that we know simply by experiencing them, 

,. Peter Long, 'Possibility and actuality'. 
17 Imagine, for example, that modern science vindicated Aristotle by showing that the 

genetic structure of a swan was such that for a swan to be black there would have to be 
a gene at exactly the position which must be left vacant if the genetic structure is to be 
that of a swan. Thus to envisage the possibility of a black swan is to envisage the 
possibility of a particular gene being both present and absent from the same place at the 
same time. 
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there is no reason to believe that a descriptio.n of the situation, which 
happens to be actual, would convince us even of its logical possibility. 
There would in many cases remain· a suspicion that the description 
disguises· a contradiction. Anything that is physically possible is a 
fortiori logically possible, but not conversely. Long p.imself admits 
that the actual cannot always be replaced in a proof of physical. 
possibility. Yet one may learn, for example, that a black swan is 
logically possible via knowledge that it is physically possible. There 
is no guarantee that the logical possibility of a black swan could be 
known a priori. 

Lukasiewicz also objects to Aristotle's use of counterexamples. His 
complaint is not with Aristotle's appeal to the actual, but with his use 
of concrete terms - e.g. 'swan', 'white'- in logic.ls Instead, Lukasiewicz 
recommends rejecting invalid syllogistic moods axiomatically.l9 
He takes two second figure moods -

'If Acb and Aab then lac' 
and 'If Ecb and Eab th~n lac' 
- as axiomatically invalid. On the basis of these axioms and two rules 
of rejection, Lukasiewicz is able to reject all other invalid syllogistic 
moods. 

Lukasiewicz does not give any reason why one should not use con
crete terms in logic. I suspect his objection derives from a confusion of 
formal logic with an uninterpreted formal system,2° but as he gives no 
argument one cannot rise above the level of suspicion. One problem 
that might arise with concrete terms is that one's language might not be 
sufficiently rich to provide counterexamples for every sterile premiss
pair. However, even if one did suffer from a paucity of concrete terms, 
there would be nothing to hinder one from supposing the terms in 
one's language to have extensions different from the ones theY-actually 
have. Only if one did not know how to devise a counterexample to an 
invalid inference would there be serious trouble with the use of 
counterexamples. This is a problem which confronts the modem 
logician, not Aristotle. For he was able, using the methods of perfection 
and counterexample, exhaustively to partition all syllogistic premiss
pairs without even having to resort to a reinterpretation of the exten
sions of the terms of his language. In modem logic the task is not so 

18 Lukasiewicz, Aristotle' s Syllogi.s~. pp. 96, 74. 
19 Lukasiewicz, Aristotle's SyUogistic, pp. 67-'72., 96-7. 
20 See Chapter J. 
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easy. By the Lowenheim-Skolem theorem, for any invalid inference in 
first-order logic, one can construct a counterexample to it in the domain 
of natural numberl1. So, given that one accepts the natural numbers as 
an unproblematic structure, one knows, that' a counterexample can 
always be constructed to an invalid first-order inference, using natural 
numbers. For a particular inference, however, 'one may not know how 
to construct the appropriate counterexample .. lam not arguing that 
counterexamples are the only method or even necessarily the best 
method for proving every inference invalid. I am only arguing that 
when, as in Aristotle's case, one has an actual counterexample at hand, 
that is as good a method of proving invalidity (or sterility) as any 
other. ' 

Lukasiewicz's system of rejection .is intended to be a mirror image of 
Aristotle's theory of perfection. But since he takes the syllogism to be a 
conditional, he misinterprets the perfection of a syllogism as the proof 
of a theorem froni axioms. Rejection is supposed to be an operation 
opposed to Frege's assertion: 'We assert true propositions and reject 
false ones.'21 In fact, the 'rejection of an invalid mood' amounts to no 
more than the assertion that the syllogistic inference corresponding to 
a given conditional is invalid.22 Nevertheless, suppose one had an 
axiomati~ system, similar to Lukasiewicz' 5, in which a few conditionals 
were chosen as 'axioms' of rejection on the grounds that the corres
ponding inferences were invalid. Suppose further that the rules of 
derivation were such that we could see that given a derivation that '(If 
P and Q, then R)' should be rejected, it followed that the correspond-

ing inference P R,Q must be invalid. I would not wish to quarrel with 

anyone who actually wanted to use such a system; I would only want 
to maintain that such a procedure does not possess any significant 
advantage over a simple use' of counterexamples. 

First, consider the selection of , axioms' of rejection. On what basis 
should a conditional be selected as an 'axiom' other than that it is easy 
to see how to construct a counterexample? Ross argued that instead of 
using counterexamples Aristotle should have simply appealed to the 
form of an invalid inference as the source of its invalidity. Aristotle, 

21 Lukasiewicz, Aristotk'sSyllogistic, pp. 94,71. 
22 More precisely, we reject a conditional either if it is a false sentence or if it contains free 

variables and there is a substitution instance of terms that turns the conditional into a 
false senten~e (pp. 94-5). Thus, for Lukasiewicz, both the open formulas 'Alx: & 
Eah=> lac' and " (Alx: & Eah=> lac)' are rejected. The reason is that (i) (Ea) (Eb) 
(Ec) Cl (Alx: & Eah=> lac» and (ii) (Ea) (2'b) (2'c) (Alx: & Eah=> lac). 
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says Ross, 'would have done better to point to the obvious fact that the 
propositions "All D is A and no C is D"- have no tendency to show 
either that an or some or no C is A or that some C is not A.'23 This criti
cism assumes either that all valid inferences are obviously valid or that 
we know that the means of perfection we have thus far employed are 
sufficient to perfect all unobvious valid inferences. Aristotle refrained 
from either illicit assumption. Since the point of partitioning all syllog
istic inferences into valid ones and invalid ones was to ensure that all 
unobviously valid inferences had been isolated and that the existing 
means of perfection were adequate, Aristotle wisely did not rest content 
with the fact that a premiss-pair had no tendency to show that a con
clusion followed. Perhaps one might want to make the stronger claim 
that for certain obviously invalid inferences one can just tell immedi
ately and a priori that they are invalid. This may be true, but I do not 
think that anything more is being claimed than that one sees easily and 
clearly how to construct a counterexample. 24 Even those of us who still 
countenance a priori knowledge are nevertheless happier when we are 
sure that that for which we claim a priori knowledge is in fact true. An 
asymmetry between validity and invalidity is that every instance of a 
valid inference is truth-preserving, but not every instance of an 
invalid inference is truth-defeating; indeed, as we have seen, invalid 
inferences may have instances which are also instances of valid infer
ences. Of course, one may select certain inferences as obviously invalid, 
and the obviousness of the invalidity may depend on its form; but what 
this amounts to is that for inferences of this form, it is easy to see how 
to construct a counterexample. Thus with the axiomatic technique one 
has not left counterexamples behind; they provide the basis for the 
selection of 'axioms' of rejection. 

Second, given that we can easily provide a counterexample to an 

inference P RQ, the derivation of the rejected '(If P and Q, then R)' 

from the axioms would seem to be pointless. It would, in particular, be 
a mistake to think that the derivation provided a deeper analysis or 

explanation of the invalidity of Pj? than does a simple counterex-

21 Ross, Aristotle's Prior and Posterior Ana/ytics, p. 29. 
2' Consider e.g. Lukasiewicz's axioms of rejection: 'Acl> & Aah::. lac' and 'Ecl> & Eab::. 

lac'. The inferences corresponding to these conditionals may be obviously invalid, but 
I do not see what the obviousness can consist in other than the ease with which we can 
see how to construct a counterexample. 
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arnple.2s Moving from truths to a falsehood can often be very boring: 
there may be no deeper explanation to give than that one has invalidly 
inferred a false conclusion from true premisses. Even if there were an 
explanation, a derivation in a calculus of rejection would not provide 
it. If the basis for choosing the axioms is the ease with which a counter
example can be constructed to the corresponding inference, then there 
is no reason to view the axioms as more basic than or explanatory of the 
theorems. The main value of such an axiomatic system lies not in its 
explanatory power, but in its ability to prove invalidity in those cases 
.. Consider e.g. Lukasiewicz's rejection of 'Ak & Eah-::. lac' (pp. 96-7). In order that 

the reader may easily be able to compare this with Lukasiewicz's other derived rejec
tions, I hereby adopt, for the remainder of this footnote only, the Polish notation 
Lukasiewicz uses. Rejected expressions are marked with an asterisk before their serial 
number. We are first given two axioms of rejection 

*(1) CKAe"Aahlae 
*(:1) CKEc"EahIae 

and two rules of rejection 
(RI) If the implication 'If (1, then,B' is asserted, but the consequent,B is rejected, then 

. the antecedent must be rejected too. 
(R:1) If ,B is a substitution of (1 and ,B is rejected, then (1 must be rejected too. 

Then, by substitutingpllac, qlKAe"Aah in the logical truth 'CpCqp' we get 
(3) CIacCKAebAahIae 

From (3) (I) it follows by (RI) that 
*(4) lac 

Substituting pllae in the logical truth 'CCNppp' we get 
(5) CCNlaclaelae 

But since we can replace Nlac by Eac, 
(6) CCEaclaclac 

But then by (4) and (RI) 
*(7) CEaclac 

By the law of identity 
(8) Ace 

Substituting plAce, qlEac, rllac in the logical truth 'CpCCKpqrCqr' and taking account 
of (8) it follows that 

(9) CCKAeeEaclaeCEaclae 
But then 

*(10) CKAeeEaclac 
Substituting hIe we get by (R:1) 

*(11) CKAhcEahIac 
*(11) must be rejected because substituting" for e in *(11) we get the rejected expression 
·(10). 

There is nothing in this derivation which provides a deeper analysis of why the 

inference Ahc Ea" is invalid than does the simple use ofcounterexample: e.g.leta=stone, 
lac . 

"=man, e=animal. Indeed,.on the basis of the derivation, it is even less obvious that 
the inference is invalid than on the basis of the counterexample. E.g. perhaps there is 
an unnoticed invalid inference in the argument. It should be noted that the method of 
rejection is used in Lukasiewicz's solution to the decision problem (Lukasiewicz, 
Chapter V). However, I am not arguing that the method of rejection has no value, but 
rather that it provides no special insight into why an inference is invalid. 
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in which we do not know how to construct a counterexample. For then 
we could establish an inference as invalid even though we do not know 
in what ways we can be led by it from truth to falsity. However, in so 
far as it is fair to ask that a procedure show why and not merely that an 
inference is invalid, one is better off with the counterexample method 
than with an axiomatic derivation. For suppose one had a deriv~tion 

that established the inference P RQ as invalid, but was ignorant of how 

to construct a counterexaniple. Then one might be said to know that 
the inference was invalid: forwe derived a rejection of '(If P and Q, then 
R)' according to cl procedure we know to be trustworthy in allowing us 
to· derive theorems of rejection only ·if the corresponding inferences 
were invalid. But if one did not also know how to construct a counter
example it would seem odd to say that one knew why the inference was 
invalid. For one would have be~n convinced by an abstract argument 
without having been shown how in a particular case the inference can 
lead from truth to falsity. A counterexample, by contrast; shows how 
one can be led by the inferences from true premisses to a false con
clusion: This, T think is a sufficient expianation of why the inference is. 
invalid. . 

Ari interesting counterpart to Aristotle's system of rejection (which 
it could be argued underlies Lukasiewicz's method of rejection) is as 
follows.26 One 6rst takes certain inferences to be obviously invalid. 

Then for a given inference P RQ that is neither obviously valid nor 

obviously inValid, one tries to move from the premisses of an obviously 
invalid inference to its conclusion by a series of inferences such that 

each inference is either obviously valid or im instance of P,Q. If one . R 

can do this, then PRQ is invalid. Such a procedure is ingenious and 

sound: if, to take an example from sentential logic, one could move 
from the premisses S:::> T, T to the conclusion S by a series of infer
ences which included only obviously valid! inferences or the inference 

in question PRQ, then PRQ would be show~ to be invalid.27 Yet when, 

26 Suggested to me by Smiley. 
27 A procedure which is clearly unsound would be a process of filling in intermediate 

steps in an (unobviously) invalid inference by a series of obviously invalid inferences. 
Just because 'we can move from P and Q to R by ~uch a series does not rule out the. 

- I 
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as in the case of the syllogistic, one can easily construct a counter
example to every invalid inference, this procedure also fails to provide 
a useful alternative. Aside from the fact that it is much more difficult to 
invalidate a syllogistic inference by this procedure than by Aristotle's 
(the reader is invited to try), the difficulty is not endured for any valu
able gain. For if; as has been argued, inferences are selected as obviously 
invalid because it is easy to see how to construct a counterexample, 
then this process does no more than provide us with an extended means 
of moving from true premisses to a false conclusion. Why bother with 
all this if one can provide a counterexample directly? This procedure 
would be useful in those cases in which one did not know how to con-

struct an~mmediate counterexample to PRQ, b~t one could invalidate 

it according to this procedure. In such a case, the procedure would 
show us ho<w a counterexample to an obviously invalid inference can be 

used to invalidate p ~Q. . 
R 

Our incipal interest in invalid inferences is to discard them. 
Invalid inferences are interesting only in so far as they are difficult to 
discover or easy to misunderstand: hence the traditional interest in 
fallacies. Inferences for which one can easily provide counterexamples -
for instance all the syllogistic inferences - can be discarded, as Anstotle 
discarded them, without further ado. 

possibility that R is a consequence of P and Q. For all we know there may be another 
chain consisting solely of obviously valid inferences from P and Q to R. Or even if 
there is no such chain that may only be because not all valid inferences are perfectible. 



5 
Invalid proofs 

How might a proof fail? This is not a question that has greatly worried 
the modern logician, for he does not take the notion of proof seriously. 
The painstaking work that has been done in modem logic is in the 
analysis of what it is to be a formal deduction. The further specification 
of what makes a formal deduction a proof has been conveniently and 
easily tacked on: a proof is generally defined to be a formal deduction 
in which all the premisses are axioms. But nothing more is said about 
what it is to be an axiom than that the formula occur on a list of axioms. 
One consequence of this is that, from the perspective of modem logic, 
a proof is invalid only if at least one of its inferences is invalid: there is 
no invalidity that is not ultimately the invalidity of inference. Aristotle, 
by contrast, tried to give an analysis of invalid proofs that as deductions 
are perfectly valid. The most notorious example of this is a proof that 
begs the question.1 Aristotle's treatment of invalid proofs reveals an 
admirable concern for proof as something over and above a collection 
of valid inferences. In this chapter, after a preliminary discussion of the 
theory of principles, I examine Aristotle's critique of circular and 
question-begging proofs. 

According to Aristotle, a proof proceeds from principles, which are 
themselves non-demonstrable, toward their consequences. Aristotle's 
argument for the non-demonstrability of principles is characteristically 
terse. 

,[Proofs must] depend on primitive non-demonstrables because 
[otherwise] you will not understand if you do not have a proof of 
them: for to understand that of which there is a proof non-incident
ally is to have proof.' (An. Pst. 7Ib26-29) 

The danger Aristotle wishes to avoid is infinite regress.2 If the only 
way to come to know a demonstrable statement (other than incident
ally) is through a proof ofit and if principles are demonstrable, then any 
proof of finite length will depend ultimately on premisses that are not 

1 Keynes distinguished between a fallacy of inference and a fallacy of proof. Question-
begging must be classified as a fallacy of proof. See Studies and Exercises in Formal 
LogU:, p. 42~; Hamblin, FaOacies, p. 33. 

2 Cf. An. Pst. "-3, 72b~-IS. 
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proved and therefore not known. This situation is absurd, for it is in 
virtue of one's knowledge of the premisses of a proof that one can come 
to have knowledge of the conclusion. Yet if one attempts to provide a 
proof of all demonstrable premisses one will embark on an infinite 
regress. 

Aristotle could have resolved this dilemma without resorting to so 
strong a thesis as the non-demonstrability of principles. All that is 
needed to block the dilemma is that there be certain statements -
principles - which it is possible to come to know in some other way 
than by proof.3 :If one merely assumes that principles can be known 
independently of proof, the problem of infinite regress does not arise. 
In the construction of a proof the regress terminates either when one 
reaches non-demonstrable principles or when one reaches premisses 
which though perhaps demonstrable can be known independently of 
proof. In Posterior Analytics A 3 Aristotle says that principles are 
necessarily non-demonstrable: 

'for if it is necessary to understand the things which are prior and on 
which the proof depends, and it comes to a stop at some time, it is 
necessary for these immediates to be non-demonstrable.' (72b2I) 

All that is really necessary is that one not need a proof in order to know 
principles. The thesis of non-demonstrability is not generated by an 
inherent need within the theory of proof, but by Aristotle's assumption 
that for demonstrable statements there is a unique route to non
incidental knowledge. There is also proof-theoretic evidence for criti
cizing the thesis of the non-demonstrability of principles. Consider the 
following syllogism S suggested by Kripke: 

All bachelors are All unmarried males 
unmarried males are bachelors 

All bachelors are bachelors 

Arguments can be advanced to support both (I) that the conclusion can 
be known (non-incidentally) independently of the proof, and (2) that 
the syllogism S is a proof of a principle. The argument for (I) is that the 
conclusion is an instance of the law of identity Ahh, which can be 
known independently of a proof, independently even of what his. 
What grounds might there be for objecting that this syllogism is not a 
proof? One cannot object to the awkwardness of the syllogism, which 
allegedly proves a self-evident conclusion. The question at issue is 

3 Here and in the next paragraphs I am indebted to Kripke, both for conversations and 
for his written work on Cl priori knowledge in 'Naming and necessity'. 
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precisely whether there can be such 'awkward' proofs. Nor can one 
seriously object to either of the premisses being a principle. The minor 
premiss can be considered a definition of 'bachelor' and since it is a 
definition, it is convertible (cf. Topics I02aI8, An. Pst. 95aI 5). One can 
thus come to know the major premiss independently of proof, just by 
knowing that the minor premiss is a definition. The premisses can thus 
be treated as principles. 

A more substantial objection to regarding S as a proof is that the 
premisses are not, as Aristotle insists they should be, prior to the con
clusion. For if the conclusion as well as the premisses is a principle then 
they are all primitive (An. Pst. 72a6). And a statement is primitive if 
there are no statements prior to it. So if the conclusion of S is a principle 
- and therefore primitive - the premisses cannot be prior to it. This 
objection is not overwhelming. 7TPWTOS (primitive) is the superlative of 
the comparative 7TpOTEpOS (prior). Thus a premiss is primitive if it is 
most prior; if no premiss is prior to it. For the various senses of priority 
see e.g. Categories I2 and Metaphysics LlII. From these analyses it 
follows that P is primitive if there is no Q (i) that is either cause or 
explanation of P; or (ii) of which knowledge is required if on_e is to 
know P. Note that (ii) is a significantly weaker condition than com
mentators normally cite. Barnes, for example, says: 'But there is an 
obvious analysis of "P is primitive" viz. "there is no Q prior to P", i.e. 
"there is no Q from which knowledge of P may be derived".'4 From 
there being no Q prior to P it does not follow that there is no Q from 
which knowledge of P may be derived. It only follows that there is no 
Q of which knowledge is essential if one is to have knowledge of P. 
This distinction is crucial to understanding Aristotle's theory of how 
knowledge of principles is acquired. To assert that a principle P is 
primitive is not, in itself, to assert that one could not come to have 
knowledge of P through any other premisses Q. It only means that one 
need not know any other premisses Q in order to know P. 

A proof, for Aristotle, is a syllogism that produces unqualified 
understanding of a conclusion (An. Pst. 7IbI7-19). Therefore, if one 
can maintain that it is possible through S to gain unqualified under
standing of the conclusion, one 'might be forced to weaken Aristotle's 
requirement that the premisses of proof be prior to the conclusion. One 
gains unqualified understanding of a conclusion if one can recognize the 
explanation of the fact as the explanation and recognize that the fact 
cannot be otherwise (An. Pst. 7IbIQ-I7). Perhaps one might object 
4 Bames, Aristotk's Posterior Analytics, p. 99. 
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that this syllogism cannot yield such recognition since the conclusion 
is self-evident. However, the claim that the conclusion is self-evident is 
plausible only if it is interpreted to mean that it can be known independ
ently of demonstration. That the conclusion is self-evident does not 
mean that the only way one can come to know it is by immediately 
apprehending it as such. One can imagine someone who on a particular 
occasion failed to recognize an instance of the law "f identity. (Perhaps 
he was sleepy, not paying attention, just learning the language, unable 
to grasp such large words, etc.) However he knows the premisses and 
is able to work through the syllogism until he, perhaps, says, 'Ah, yes, 
of course, all bachelors are bachelors.' One cannot rule out the possi
bility of someone coming to know the conclusion on the basis of the 
syllogism. In such a case it seems reasonable to assume that in virtue of 
the syllogism he has learned to recognize the explanation of the fact as 
the explanation - after all, all bachelors are bachelors in virtue of being 
unmarried men - and to recognize that the fact cannot be otherwise - it 
follows from a recognition of the premisses as necessarily true. S, it 
appears, is a syllogism from which one may gain unqualified under
standing of the conclusion: it qualifies as a proof. That the premisses 
are not prior to the conclusion reveals not that the syllogism is not a 
proof but rather that priority is too strong a relation to be imposed on 
the premisses and conclusion of proofs. There are two related ways in 
which this requirement may be weakened. One might insist that the 
premisses be either prior to or at the same metaphysical level as the 
conclusion, rather than strictly prior to it. Or, one could insist on strict 
priority, except in the case in which the conclusion of the proof is itself 
primitive, in which case one need only insist that the premisses also be 
primitive - i.e. at the same metaphysical level. 

Is there a way to rescue Aristotle from this criticism? Given that 
principles need not be non-demonstrable, alternative translations of 
'ava1ToSEtK'TOS' as 'not proved' or 'undemonstrated' provide some 
hope that one might be able to reinterpret Aristotle as making a weaker 
and more justifiable claim. Barnes notes that Sextus recorded two 
senses in which a statement can be aVa1TOSEtK'TOS: (i) if it is un
demonstrated; (ii) if it does not need proof.5 The claim that the con
clusion of a proof must depend ultimately on that which itself is not 
proved or that which does no~ need proof completely escapes the above 
criticism. In fact, throughout the Posterior Analytics Aristotle presents 
strong arguments to show that proof must commence with premisses 
• Aristotu's Posterior Ana(ytics, p. 99. 
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that are themselves not proved (An. Pst. A3, Ala, AI9-2), B7, BI9)' 
Nowhere does Aristotle present a strong argument that the principles 
of proof must actually be non-demonstrable. Unfortunately, this 
gambit is blocked in the opening moves. Aristotle clearly declares that 
to understand a demonstrable statement one must have a proof of it 
(An. Pst. 7Ib28. See the passage quoted at the beginning of this 
chapter). Having taken such a strong stand, Aristotle is forced to treat 
principles as non-demonstrable. 

Aristotle's critique of circular proofs rests on his mistaken notion 
that principles are non-demonstrable. The circular demonstrator offers 
a different solution from Aristotle's to the sceptical problem of infinite 
regress. The circular demonstrator believes, as Aristotle does not, that 
all knowledge comes from proof, but he denies Aristotle's contention 
that the premisses of proof must be prior to the conclusion (cf. An. Pst. 
A3)' Aristotle argues that there cannot be circular proof, for any such 
proof would violate the strict ordering between premisses and conclu
sion that the priority relation imposes (An. Pst. 72b2;-32). However 
we have already seen evidence to doubt whether Aristotle is entitled to 
insist on strict priority. At least in the case of principles he should only 
demand a partial ordering between premisses and conclusion: that the 
premisses be prior to or at the same level as the conclusion. Given a 
series of interdeducible principles -
(*) PrQ, QrR, RrP 
- one could not rule that any of the deductions is not a proof solely on 
grounds of priority. Within the confines of the syllogistic this situation 
could arise if one had principles Acb, Aba, Aac which, because they 
were definitions, one knew to be convertible (Topics I02aI8). One 
could then form the only perfectly circular chain of inferences that can 
occur in the syllogistic (An. Pr. B;)-

--------------------- ......... 

(**) . 
, , 

Acb Aba r Aea Abe (Aba Aac (Abe Aab (Aae Aeb rAab Aea), 

Aea-/ Aba.-/ Abe_/ Aae-/ Aab-/ Aeb-/J , , 
-------------------- -

and each inference in the chain might be considered a proof. 
Aristotle charges circular demonstrators with a specific fallacy of 

proof (An. Pst. 72b)2-73a6). 

'[circular demonstrators] say nothing other than that this is the case 
if this is the case - and it is easy to prove everything in this way.' 
(72b34) 



Inyalid proofs 81 

If someone works through a series of deductions such as (*) he has only 
inferred P from P. It is thus a mistake to detach the conclusion from 
the premisses and regard it as proved. 

' ... those who assert that proof is circular ~ay nothing other than 
that if P is then P is. And it is easy to prove everything in this way.' 
(73a4':"'6) 

Strictly speaking it is not easy to prove everything in this way. It is, for 
Aristotle, impossible to prove anything in this way. Nor is it even true 
that one can infer anything in this way. There is no reason to believe 
that every statement will have distinct consequences which in turn 
have that statement as a consequence. Within the syllogistic this is 
clearly not the case, a chain of the form (**) being the only truly 
circular deduction possible. Nevertheless, the point Aristotle is 
making is that in circular proofs which do exist one does not prove a 
conclusion but, ultimately, only infers it from itself. 

Aristotle is attacking a straw man. A serious circular demonstrator 
may be concerned with more than deducing a statement from itself. 
Barnes links an interest in circular proof to an interest in the methods of 
analysis and synthesis in Greek geometry.6 In analysis one takes a 
theorem one wishes to prove and proceeds to derive, by a process 
which is both obscure and controversial, premisses from which the 
original theorem can be deduced. The process terminates when one 
reaches geometrical axioms. Then in synthesis one reverses the process 
and proves the theorem from the axioms. The point of moving through 
such a circuit would not be to prove the theorem from itself,but to 
find the axioms from which it could be proved. Further, one may use a 
chain such as (*) not to deduce straight through the chain, but to 
deduce some principle from other principles. That ~he chain· forms a 
circle only means that, from the point of view of deducibility, the 
question of which principle is deduced from which others is arbitrary. 
From an epistemic point of view the question is not necessarily 
arbitrary. Each deduction in any direction can be considered a proof of 

• Bames, 'Aristotle·, Menaechmus and circular proof'. There is so little extant information 
on the method of analysis that Descartes actually suspected the Greeks of suppressing 
it. See Pappus' summary in I. Thomas, Greek Mathematit:al Works, 11, S96-8. For the 
current controversy, cf. e.g. Robinson, 'Analysis in Greek geometry'; Mahoney, 
'Another look at Greek geometrical analysis'; Comford, 'Mathematics and dialectic in 
the Republic VI-VII'; Gulley, 'Greek geometrical analysis'; Hintikka and Remes, The 
Metlwd of Analysis. 
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the conclusion, so long as the person constructing the proof knows the 
premisses at the time he constructs it. Since every principle can be 
known independently of proof, every deduction could function as a 
proof. Different people may start at different places in the chain, 
depending on which prir.ciples they already know and which principles 
they do not yet know. One is relieved of the need to grasp all principles 
intuitively. There is thus an approach to circular proofs which escapes 
Aristotle's criticisms. 

Aristotle links circular proof with the notion of question-begging. 
The charge of 'begging the question' arose in the context of Greek dis
putation. One speaker whose task it is to establish a certain issue may 
ask his opponent to grant him certain premisses from which his argu
ment may proceed. The speaker begs the question when he asks to be 
granted that for which he is supposed to argue.7 In Prior Analytics B I 6 
Aristotle attempts to shift the notio~ of begging the question {rom the 
realm of informal debate to the realm Of proof. 

' .•. since we get to know some thirigs naturally through them_selves 
and other things by means of something else (the principles through 
themselves, what is under them through something else) whenever a 
man tries to prove what is not self-evident by means of itself, then he 
begs the original question. This may be done by assuming what is in 
question at once; but it is also possible to make a transition to other 
things which would naturally be proved through the proposed 
questio~, and prove it'through them, for exa~ple, if P should be 
proved through Q, and Q through R, though it was natu~l that R 
should be proved through P: for it'turns out,that those who reason 
thus are proving P by means-of itself. This is what those persons do 
who suppose they are constructing parallel straight lines: for they 
fail to see that they are assuming facts which it is impossible to 
demonstrate unless the parallels exist. So it turns out that those who 
reason thus merely say a particular thing is; if it is: in this way every
thing will be self-evident. But that is impossible.' (An. Pr. BI6, 
64h34-6Sa9)8 

Of the various ways one may beg the question; Aristotle distinguishes 
two broad categories. One trivially begs - the question by directly 
assuming the proposed question (An. Pr. 64b39). A proof is non-

7 See Topics 9 13, 16:z.b3dHor an analysis of how question-begging occurs in debate. 
• ' yp';'r/>E&V' (to draw) which is translated in 'this context (65a 5) as 'to construct' could 

also be translated in this context as 'to prove'. 
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trivially question-begging if (i) the proof attempts to establish what is 
not self-evident by means of itself, but (ii) the conclusion is not directly 
and obviously imported into the premisses. 

According to Aristotle, one has non-trivially begged the question 
when: (i) one has deductions of Q from R and of P from Q; (ii) it is 
'natural' to prove R through P; (iii) one regards 'R . .. so P' as a proof 
of P from R. When conditions (i)-(iii) hold it turns out, he says, that 
one is proving P by means of itself (An. Pr. 6sa3). Why is this? Con
sider Aristotle's illustration of this type of begging the question: the 
case of those who construct parallel lines (An. Pr. 6sa4ff). It is, of 
course, not evident from the text just what fallacy those who suppose 
they are drawing parallel lines commit. Heath, drawing upon a reIl).ark 
of Philoponus, guesses that the theory of parallels·to which. Aristotle 
refers depended upon the assumption that given any line one could 
draw another line in the same direction as the given line.9 

Given a line BC, construct another line DE in the same direction 
as BC ... 
Therefore DE is parallel to BC. 

After describing the fallacy of assuming that 'R ... so Q ... so P' is a 
proof of P flom R, Aristotle says that this is what those who suppose 
they draw parallel lines do (An. Pr. 6sa4). Thus the problem with this 
argument is that the 'natural' way to prove that one can draw a line in 
the same direction as any given line is to prove it by first proving that 
for a given line one can draw a line parallel to it and then show that to. 
draw a line parallel to a given line is to draw a line in the same direc
tion.10 the oniy way one would be justified in supposing that one 
could draw a line in the same direction as a given line would be if one 
had already shown that one could draw a line parallel to it. 

It was Aristotle's belief in the non-demonstrability of principles and 
his desire to give a formal analysis' of question-begging that leads to the 
conflation of question-begging and circular proof. For if the only way 
to gain knowledge of a conclusion R is by a proof from principle P, 
then any deduction of P from R can be a movement from known 
premiss(es) to a conclusion only if R had antecedently been inferred 
from P. Thus the proof is, in a disguised form, only proving P by 
means of itself. For this analysis of question-begging to be plausible, it 
is necessary that the only way one could come to know that one can 

• Heath, MatA~mam:s in Aristotle, pp. ~7-30' 
1. Cf. Frege, T"~ Foundations of Arithmetic, pp. 74-5. 
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construct a line in the same direction as a given line is by a proof that 
one can construct a line parallel to that line. Aristotle's analysis depends 
upon there being a unique natural route to knowledge. But if principles 
are demonstrable one cannot rule out the possibility of there being a 
plurality of natural routes to knowledge. Though a natural way of 
coming to know that one can draw a line in the same direction as a given 
line is first to prove that one can draw a line parallel to a given line and 
then derive the notion of a line being in the same direction, to say this is 
the only way one could gain such knowledge is to impose unjustified 
restrictions on routes to knowledge. 

To see this more clearly, consider the following example from set 
theory. Let P be the axiom of choice, Q be Zorn's lemma, and R be the 
well-ordering theorem. P, Q, R are provably equivalent.H If one were 
to regard the deduction 'R ... so Q ... so P' as a proof of the axiom of 
choice, why would such a proof beg the question? Presumably an 
Aristotelian would say that a knowledge of the premiss depends upon 
an antecedent knowledge of the conclusion: the well-ordering theorem 
is proved via the axiom of choice. Suppose, however, one mistakenly 
thought that the well-ordering theorem was true for reasons entirely 
independent of the axiom of choice. For example, suppose someone 
wrongly believed that there were only finite and denumerably infinite 
sets - perhaps he had never seen Cantor's diagonal argument - and 
came to believe the well-ordering theorem true by reflecting on the 
ease with which an ordering function could be defined for such sets. 
Such a person who used the deduction 'R ... so Q ... so P' would 
fail to prove the conclusion for he would mistakenly believe that he 
knew the premiss. But the source of his mistaken belief is not trivial. If 
asked to expand the proof he could have provided a deep and non
circular account of why the premiss is true. It defies our intuitions 
to say he is trying to prove a statement by means of itself - even 
if one should concede that the only way he could have come to 
knowledge of the premiss is through the conclusion. For he is 
correct in his belief that if his justification for believing the premiss 
had given him knowledge, he would have had a significant proof of 
the conclusion. 

Furthermore, Aristotle's analysis of question-begging depends upon 
the assumption that the unique route to knowledge of R is by means of a 
proof of it through P. For if it were possible to come to know the 
premiss R independently of knowledge of the conclusion P, it would 
11 Cf. Jech, The Axiom of Choice. 
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be possible to use the deduction to arrive at knowledge of the con
clusion. Suppose that one could motivate the well-ordering theorem 
directly, by reflection on the iterative conception of set (the cumulative 
hierarchy). For example, at each successor rank in the hierarchy 
(Ra+!) all sets of the previous rank are combined in all possible ways. 
For a given set x that occurs somewhere in the hierarchy, one might 
think that one of the possible combinations of its members will well
order x. This motivation is unconvincing because we do not now have 
a developed understanding of comhination in all possible ways or of the 
powerset operation.J2 However, one cannot rule out the possibility 
that with a more developed understanding of the powerset operation, 
the well-ordering theorem could be used in an informative proof of the 
axiom of choice, which itself has been the object of controversy. A 
defender of Aristotle might object that in such a case one would simply 
have been previously mistaken about the natural route to knowledge. 
The proper route to knowledge of the axiom of choice would have been 
shown to be by a proof from the well-ordering theorem and not vice 
versa. There is, however, no reason to believe that there is a unique 
natural route to knowledge. Leading set theorists, for example Zermelo, 
have found the axiom of choice self-evident and the proof of the well
ordering theorem informative.13 The existence of an alternative proof 
need not diminish the value of the traditional one. 

Though we cannot accept Aristotle's analysis of question-begging, 
we can at least recognize that, as an attempt to characterize invalid 
proofs, it is far superior to more recent analyses. It is a commonplace 
that Mill thought that all syllogisms begged the question. What is less 
well known, however, is that the fallacy he thought all syllogisms com
mitted is not the fallacy Aristotle described as begging the question. 
For Mill, a syllogism begs the question because the conclusion expresses 
an 'assertion' identical to one expressed by the premisses, albeit in a 
hidden form. 

' ... there is no more important intellectual habit nor any the cultiva
tion of which falls more strictly within the art of logic than that of 
discovering rapidly and surely the identity of an assertion when dis
guised under the diversity of language' .14 

It is not that 'R ... so P' is taken to be a proof of P when in fact one's 

12 Cf. Boolos, 'The iterative conception of set'. 
13 Zermelo, 'Proof that every set can be well ordered', 'A new proof of the possibility of a 

well ordering'. See also, D. A. Martin, 'Sets versus classes' . 
.. Mill, A System of Logic, p. 184. See generally Chapters 1-3. 
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knowledge of R depends upon a proof of it from P. Rather it is that R 
and P are taken to express the same 'assertion', though in a way which 
may not be immediately evident. Although one may say of this case 
'that those who reason thus merely say that a particular thing is if it is' 
(An. Pr. 65a8), the error is essentially different from that described by 
Aristotle. On the Aristotelian characterization begging the question 
occurs solely in virtue of an interdeducibility among statements and a 
mistake concerning the direction in which the deduction should be 
regarded as a proof. Aristotle does not require that the premiss and 
conclusion need express the same 'assertion' . From the point of view of 
characterizing a failure of proof, Aristotle's analysis of question
begging is much better than Mill's. Any proof whose premisses it is 
possible to know, without initially recognizing the conclusion to be 
true, cannot be treated as question-begging. For in such a case one 
could use the proof to gain knowledge of the conclusion. The plea 
that the premisses express the same 'assertion' as the conclusion is 
futile. Even if one allows the problematic thesis that two distinct 
sentences may express the same 'assertion', the possibility that someone 
who knows the premisses may construct the proof to learn the con
clusion refutes decisively the contention that premisses and conclusion 
express the same 'assertion' - at least in any sense that is useful for 
characterizing question-begging.1s 

Not only does Aristotle attempt a general description of a proof that 
begs the question, but he also lists conditions applicable specifically to 
the syllogistic which are supposed to be criteria of syllogistic question
begging. 

'If then it is uncertain whether a belongs to c, and also whether a 
belongs to h and if one should assume that a does belong to h, it is 
not yet clear whether he begs the original question, but it is evident 
that he is not demonstrating: for what is as uncertain as the question 
to be answered cannot be a principle [or starting point, apX'11 of a 
proof. Ifhowever h is so related to c that they are identical, or if they 
are plainly convertible, or the one belongs to the other, the original 
question is begged. For one might equally well prove a belongs to h. 
through those terms if they are convertible. But as it is [i.e. if they are 
not convertible] it is the fact that they are not that prevents such a 
proof, not the method of proving.' (An. Pr. BI6, 65aIO-I8) 

15 For detailed criticisms of Mill's position, see Dummett, 'The justification of deduc
tion'; Keynes, Studies and Exercises in Formal Logic; Hamblin, Fallacies. 
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Even if one is not certain whether Aca or Aha, suppose one constructed 
the syllogism: 

Ach Aha 
Aca 

Such a syllogism, Aristotle remarks, cannot be a proof. For one does 
not know the premisses and so one cannot gain knowledge of the con
clusion based on one's knowledge of the premisses. Aristotle proceeds 
to list three conditions such that if the failed proof satisfies anyone of 
the conditions, then the proof begs the question (An. Pr. 65aI4-16). 
What are these conditions? Two terms h and c convert if Ahc and Ach. 
If two terms are identical, they are convertible, but not conversely: for 
example, 'man' and 'featherless biped' are convertible but not identical. 
If hand c are either identical or evidently convertible why should the 
syllogism be guilty of begging the question? Aristotle says that one 
could equally well have proved Aha through the same terms (An. Pr. 
65aI6). Aristotle appears to be giving a formal equivalent within the 
confines of the syllogistic of his general characterization of begging the 
question (An. Pr. 65al-4) in which one deduces P from R when in 
fact R is naturally proved through P. If hand c are identical or convert
ible one can convert Ach to Ahc and in conjunction with the conclusion 
of the syllogism, Aea, infer'the other premiss Aha. 

--------
• Aba A b --... ___ c_ .................. Aea Abc 

.• . ~.ea •....... . . Aba 
'. '."' .. ' ................... . 

This type of convertibility of terms is a necessary and sufficient con
dition for circular proof within the syllogistic (cf. An. Pr. B5-'7). 

Such convertibility, however, fails as a criterion of syllogistic 
question-begging. Suppose, for example, that though Aha and Aea are 
equally uncertain, Aha is in fact a principle. This may be the case if one 
has not yet had enough inductive experience of particulars to compre
hend the principle Aha (An. Pst. BI9). The mere convertibility of Ahc 
cannot be sufficient to guarantee that the syllogism begs the question. 
For on Aristotle's description, the deduction of P from R begs the 
question when R is naturally proved through P; i.e. when 'P ... so R' 
is an acceptable proof. Within the confines of the syllogistic the con
vertibility of terms is necessary for circular deductions. Yet if one is to 
regard any inference in the series of syllogistic inferences that consti
tutes the circular deduction as question-begging, then one must regard 
at least one of the inferences as the natural way of proving a conclusion 
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from premisses. For it is only in virtue of the natural conclusion serving 
as a premiss in a deduction of a natural premiss that question-begging 
is said to occur. But in the inference in which the natural premisses Ci.e. 
principles) occur as premisses and the natural conclusion occurs as 
conclusion, one of the premisses will be convertible since, by hypothe
sis, this inference occurs within a chain of inferences that constitutes a 
circular proof within the syllogistic. Thus this inference is, on the 
proposed criterion, question-begging; for it is possible to convert one 
of the premisses and in conjunction with the conclusion syllogistically 
infer the other premiss. But the inference is clearly not question-beg
ging, since the natural premisses occur as premisses and the natural con
clusion occurs as conclusion. Thus the proposed criterion of question
begging is inadequate. 

Consider, for example, the syllogisms:16 

Ca) All featherless bipeds cannot fly All men are featherless bipeds 
All men cannot fly 

Cb) All men cannot fly All featherless bipeds are men 
All featherless bipeds cannot fly 

The possibility of constructing syllogism Cb) does not provide sufficient 
grounds for concluding that syllogism Ca) begs the question. The major 
premiss of Ca), that featherless bipeds cannot fly, may be uncertain but 
thought to be true on intuitive grounds. It may be assumed on the 
intuitive ground that featherless things in general cannot fly. Yet the 
premiss is uncertain for it is uncertain what featherless bipeds are and 
thus possible that one's belief about featherless things in general might 
be falsified by a flying featherless biped. In conjunction with the minor 
premiss, that all men are featherless bipeds, one can infer that all men 
cannot fly. In such circumstances one may have failed to provide a proof, 
for one does not know the premisses and thus cannot come to know the 
conclusion on the basis of one's knowledge of the premisses. There is, 
however, no reason to believe that the syllogism begs the question. If 
one did know the premisses, then the syllogism could have been used 
as a valuable and informative proof of the conclusion - moving from a 
conceptual fact about the relation of feathers and flying through the 
empirical discovery that men have one of the properties (lack of 
feathers) to the conclusion that they have the other of the properties 
(lack of an ability to fly). Further, suppose that a non-human feather
less biped was discovered, falsifying the belief that only humans were 
10 Here I am indebted to HamhIin's discussion of 65aIC>-I8 in FallaciLr, p. 75. 
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featherless bipeds, and the convertibility of the minor premiss; thus 
blocking the construction of syllogism (h). Why should that fact help 
rescue (a) from the charge of question-begging? And, more import
antly, why should the mere lack of such a discovery, even if due to the 
fact that there are no non-human featherless bipeds, be sufficient to 
guarantee that the syllogism (h) begs the question? 

Perhaps such questions as these motivated the third condition for 
begging the question - if of hand e 'one belongs to the other' (An. Pr. 
65aI5). On this criterion the terms need be neither identical nor evi
dently convertible. Thus the possibility of syllogism (a) being question
begging need not stand or fall with the discovery of a non-human 
featherless biped. Aristotle says that in such a case we would be tech
nically prevented from carrying out a reciprocal proof, since converti
bility of terms is a prerequisite,but the method of proof would still be 
question-begging (An. Pr. 65aI7ff). Why? The third condition for a 
proof being question-begging appears perilously close to a description 
of a perfectly innocent inference in Barhara. One is given two formulas 
Aha, Aea of which one is equally uncertain and a premiss Aeh which, in 
effect, is true. What reason is there for thinking that under these con
ditions the syllogism 

Aeh Aha 

Aea 

begs the question? This is a perfectly acceptable inference in Barhara 
which fails to be a proof solely because at least one of the premisses is 
uncertain. Perhaps one should take Aristotle to be requiring not just 
that it be evident that terms convert, but also that it be evident that one 
term belongs to the other (An. Pr. 65aI5). This interpretation permits 
a plausible description of how the syllogism can be construed as 
question-begging. For if it is evident that Aeh, then if one simply 
assumes Aha, has one not, in effect, simply assumed Aea? If the minor 
premiss is obviously true, then in assuming the major premiss have we 
not really assumed the conclusion? 

Such a description flies in the face of Aristotelian episte~ology. 
Consider, for example, the syllogism 

All scalene triangles are 
triangles 

All triangles have interior 
angles equal to two right angles 

All scalene triangles have interior angles 
equal to two right angles 

Suppose someone constructs this syllogism who, having never seen a 
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proof of Euclid 1-32, happens to be equally uncertain of the major 
premiss and the conclusion. In simply assuming the major premiss he 
has failed to provide a proof for he does not know the premisses. Has 
he, however, begged the question by assuming the conclusion? Surely, 
Aristotle should not regard such a syllogism as begging the question. 
One could not believe that the syllogistic was a paradigm structure in 
which proof could occur unless one accepted that antecedently knowing 
that a property holds of a class of objects, one can come to know that 
the property holds of particular subclasses. In the spirit of Posterior 
Analytics 7IaI7-3I: In knowing that all triangles have interior angles 
equal to two right angles Aristotle would say that one in a sense knows 
that all scalene triangles have the property - but in a sense not. One 
knows the universal truth expressed by the major premiss, but perhaps 
one has simply never thought of the property as applying to particular 
types of triangles (cf. An. Pst. 73b25--'74i>4). Certainly the proof of 
Euclid 1-32 is so general that one need not consciously consid~r the 
case of scalene triangles. To avoid the puzzle of the Meno - that one 
either learns nothing or what one already knows - one must accept that 
such obvious inferences can be used for knowledge-acquisition. 
Aristotle's criterion of a syllogistiC proof begging the question should 
be rejected on epistemological grounds which Aristotle would himself 
endorse. 

APPENDIX: A NOTE ON 'IGNORANCE' 

There is a different and more straightforward way in which a proof may 
fail. Suppose that from premisses all thought to be true one has by a 
series of valid inferences deduced a conclusion known to be false. Then, 
of course, one does not have a proof of the conclusion, for at least one 
of the premisses taken to be true must be false. This is a problem which 
bothered Aristotle because he took proof to be an important means of 
knowledge-acquisition. The deduction of a conclusion known to be 
false, from premisses thought to be true, is a serious epistemological 
warning: for these premisses may be leading us to false beliefs which 
we do not recognize to be such. 

Aristotle's theory of proof describes a process that moves in but one 
epistemic direction: away from principles, toward syllogistic conse
quences. In virtue of our knowledge of the principles and the use of 
rules of inference, known to be valid, one gains knowledge of the 
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proved conclusion. The confidence with which a proved conclusion, 
for which there are no obvious independent grounds for its truth, is 
accepted as known is a function of the confidence one has that the pro
cess embodied in a proof is one in which knowledge is extended. 

Are there ways of moving in the other direction? Suppose one has 
derived a conclusion known to be false. If the conclusion has been 
validly inferred, then it must have been inferred from one or more 
premisses that are false. Once a conclusion is recognized to be false, 
is there a systematic method for working one's way towards prin
ciples and isolating the points at which an error could have occurred? 
The direction of epistemic concern is here the reverse of that expressed 
by the theory of proof. The theory of proof is supposed to ensure 
that as one moves away from principles deriving consequences, 
one will never derive a false conclusion. The question posed, by con
trast, assumes that somehow one has derived a false conclusion and 
asks whether there is a method for isolating the source of error. 

'Ignorance' - at least the type of ignorance Aristotle called a 'dis
position' - is error that comes about through deduction (An. Pst. 
79b23). The question to which Aristotle addresses himself in Posterior 
Analytics AI6-I7 is: given that one knows oneself to be in a state of 
ignorance, is there a systematic method of searching for the source of 
one's error? 

There is both a significant analogy with and a significant difference 
from a project that has exercised modern logicians: consistency proofs 
for formal theories. Hilbert showed that one could prove the consist
ency of a formal theory of arithmetic ifit could be shown that no formal 
proof in the theory had' I =F I' as the last line.17 For since the system, if 
inconsistent, would allow the derivation of any conclusion, to show 
that there is some formula that could not be the last line of a formal 
derivation would be to prove consistency. Gentzen carved out such a 
proof of consistency for arithmetic. In a Gentzen-type consistency 
proof, the method is to inquire what structure a formal proof would 
have to assume if it were to have a particular conclusion such as 'I =F 1'.18 

Gentzen's task, analogous to Aristotle's, was to work his way back 
from a conclusion (known to be false) toward the premisses from which 
it might be derived. He was guided in his search by a knowledge of the 
form any premisses in a formal derivation of that conclusion would,' 

17 Hilbert, 'On the infinite'. 
18 Gentzen, 'Investigations into logical deduction', 'The consistency of elementary 

number theory'. 
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have to assume. Consistency is proved by showing that for a particular 
obviously contradictory conclusion no formal proof could have it as a 
last line. 

The difference is that the syllogistic deeply depends on a cousin of 
that rule of inference Gentzen called 'cut'. In his 'calculus of sequents', 
Gentzen interpreted the sequent 

Pl ··· P .. -+Q 
as (Pl & ... & P .. ):::J Q, but he allowed there to be more than one 
formula on the riglit-hand side of the sequent: e.g. 

Pl ... P .. -+Q, R 
Just as the antecedent is interpreted conjunctively, so the succedent is 
interpreted disjunctively: if Pl and ... and P .. are true, then either Q 
or R is true. Cut was then introduced as a structural inference: 

Pl-+Qu R R, P2-+Q2 
Pl, P2-+Qu Q2 

The formula R is 'cut out' and does not occur in the conclusion'of the 
inference. The important point is that simply by looking at the con
clusion 'Pu P2-+Ql Qz' one could gain no idea that R occurred in its 
derivation. This similarity between the cut rule and the familiar infer
ence of modus ponens -

P,P:::JQ 

Q 
- should be clear. By looking solely at the conclusion Q one cannot 
determine the premisses from which it was derived. By contrast, con
sider the rule of and-introduction: 

P,Q 
P&Q 

From a knowledge of the conclusion one can recover the premisses 
from which it was derived, provided that the only way that < P&Q' can 
occur as the conclusion of an inference is if it has been inferred by the 
rule of and-introduction. If it could also be inferred by modus ponens -
e.g. 

R,R:::JP&Q 
P&Q 

- then one cannot determine the premisses from which it was derived. 
Gentzen succeeded in proving (first order) arithmetic consistent by 
showing that for any derivation of a theorem of arithmetic there exists 
another derivation of the same theorem in which modus ponens - or, in 
the calculus of sequents, the related cut rule - does not occur as a rule of 
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inference. All the inferences used in the new derivation are such that, 
from a knowledge of the theorem alone, one can determine to a 
remarkable degree the shape of the derivation and the premisses which 
occurred in it. By examining what a 'cut-free' derivation of 'I i= I' would 
have to look like, one can see that there is no derivation of it in arith
metic. 

The syllogistic is a cut-saturated system: at every syllogistic inference 
information (the middle term) is sacrificed between premisses and con
clusion. Given the conclusion of any syllogistic inference one cannot 
even determine the middle term of the premisses from which it was 
immediately inferred. The structure of the syllogistic, by contrast to a 
cut-free system, imposes relatively few constraints on the premisses 
from which a conclusion can be derived. Nevertheless there are some 
constraints. For example, a universal conclusion· forces both the 
premisses from which it was derived to be universal, a negative con
clusion requires one and only one negative premiss, a universal affirm
ative conclusion requires two universal affirmative premisses, any valid 
syllogistic inference requires at least one universal premiss. Aristotle 
takes advantage of the structural constraints that do exist in the syllog
istic, in conjunction with certain non-structural constraints, in his 
attempt to isolate the sources of error in the derivation of a false con
clusion. Though there are not sufficient constraints to make Aristotle's 
project a great success, there are enough to enable him to devise a 
proof-theoretic technique that could not be used fruitfully until the 
time of Gentzen. 

If a validly derived conclusion is false, then at least one of the 
premisses from which it was derived must be false. This is a, slightly 
perverse, consequence relation, since every interpretation which puts 
the conclusion in a particular partition (the false sentences) will place at 
least one of the premisses in that partition as well.19 Given that this 
consequence relation holds between sentences, is there any way of 
determining that it holds? One way is to use the inverses of valid rules 
of inference. For if the inferences are truth-preserving, their inverses 
are falsity-preserving. If the conclusion of a valid rule is false, at least 
one of the premisses must be false. Rules tend to be from a plurality of 
premisses to a single conclusion, since in the pursuit of truth one tries 
to isolate a single conclusion proved to be true. Thus given a derivation 
we may not be able to do more than isolate a field in which falsity must 

10 See Shoesmith and Smiley, Multiple Conclusion Logic, Chapter I, for an abstract 
definition of a consequence relation. 
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lie. This is trivially the case when we can do no more than isolate the 
premisses from which the conclusion was derived. 

Nevertheless, since the inverse of each valid rule is falsity-preserving, 
there is a method of searching.for falsity. An extended proof, within the 
syllogistic, is a series of two-premissed inferences; so given a false con
clusion at least one of the two premisses from which it is immediately 
inferred must be false. This false premiss (or premisses) may itself be 
derived or it may occur as an illegitimate postulate. If the false premiss 
is derived then at least one of the premisses from which it is immediately 
inferred must be false. One can·work one's way up a proof tree through 
the false premisses until one reaches a false premiss that is not derived. 
This is the source of error in the derivation. 

A true conclusion, as Aristotle knew, can be derived from false 
premisses (An. Pr. B2-4). If in the course of a derivation false prem
isses yield a true conclusion, the danger of the falsity of those premisses 
infecting the conclusion of the entire derivation is effectively sealed off. 
The derivation will not be a proof, since not all the premisses are true, 
but the falsity of these premisses will not be responsible for the truth or 
falsity of the conclusion. 

Thus to provide a method for locating the source of error in a 
derivation of arbitrary length, one need only concentrate on the struc
ture of the immediate inference. In Posterior Analytics AI6-I7, 
Aristotle confined himself to syllogisms from which universal con
clusions can be derived. Thus the problem Aristotle confronts is that 
one has derived a conclusion either of the form Aha or Eha which one 
knows to be false. 

Since at every inference a middle term is sacrificed, one might expect 
that Aristotle's systematic study of deductive error would compensate 
for the loss of information between premisses and conclusion. This 
expectation is justified. Posterior Analytics AI6 and AI7 divide on 
whether or not the conclusion holds atomically. In Posterior Analytics 
AI5 Aristotle explains that a predicate belongs or does not belong to a 
subject atomically if 'there is no middle term for them' (An. Pst. 
79a 35). That is, a sentence Aha or Eha is atomic if and only if it cannot 
be derived by valid syllogistic inference from true and prior premisses.20 

20 According to Jonathan Bames (Aristotk's Posterior Analyrics, pp. 156, 99), X/x, is 
atomic if and only if there is no middle teIm c such that • Yea, Zk so X/x,' is a syllogism 
(X=AorX=E, Y=A or Y=E,Z=AorZ=E).(J.wiIlfollow Bamesandignorethe 
second figure.) 11lis analysis is inadequate; for one can construct a syllogism of XIHz 
from false premisses. The natural strengthening - to require that the premisses be true -
is sufficient only if one assum4:S that predicates form chains. Otherwise given atomic 
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If one knows that Xha (X =A or X =E) is atomic, then one knows 
that no deduction of Yha (Y =A or Y =E) can be a proof. If X = Y the 
deduction cannot be revealing either the explanation of the conclusion 
or why the conclusion cannot be otherwise. If X =1= Y, then to believe 
the conclusion is to be led into error by deduction. So if one knows 
that Xha is atomic, one knows that any deduction of Yha can only be 
misleading. 

In the light of the loss of a middle term at every syllogistic inference, 
Aristotle's division of his task into two - in AI6 dealing with atomic 
and in AI7 with non-atomic statements - has a clear raison d'etre. With 
atomic statements it matters far less what the middle term was: simply 
that there was a middle term (that is, a deduction) is a criterion for 
error. With non-atomic statements, by contrast, some deduction may 
be a proof and so the concern with the information lost in the deduction 
will be much greater. Moreover, the knowledge that the conclusion 
of a deduction or its contrary is atomic enables one to recover 
additional information about the nature of the deduction itself; and 
thus partially to compensate for the loss of information in syllogistic 
deductions. 

As I mentioned in Chapter 2, Aristotle conceived of predicates 
forming chains such that the predicates hoh1 ... hn form a chain if each 
holds universally of its predecessor. Thus Aha will be atomic if h, a are 
contiguous in a common chain. If h and a are separated, then Aha could 
be derived hy a, perhaps extended, derivation in Barhara with the 
predicates separating h and a functioning as middle terms. 

'If neither is in a whole and a does not belong to h, it is necessary that 
it does not belong atomically. For if there is some middle term, it is 
necessary for one of them to be in some whole.' (An. Pst. AI5, 
79b l2.-IS) 

Any deduction of Eha has one universal affirmative premiss which 
asserts that either the minor term h (Celarem, Cesare) or the major term 
a (Camestres) is contained in the middle term. Thus it is sufficient for 
Eha to be atomic that h not belong to a and that neither is the subject of 
predication. 

In Posterior Analytics AI6 (79b29-80as) Aristotle envisages the 

Xha one may be able to find a middle term c with the same extension as the extremes, 
fonning a syllogism from true premisses in Barhara. If one insists that"there be no true 
and prior premisses from which Xha may be derived, the formula Xha will be atomic if 
and only if the predicates a and " are contiguous in a chain of predication. 
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following situation: Eha is atomic and one has deduced in Barhara 

AhcA Aca. Obviously at least one of the premisses must be false. The 
'ha 

question is whether, knowing Eha to be atomic, one can narrow the 
field of falsity. Aristotle argues that from Eha being atomic it follows 
that the minor premiss Ahc must be false. So that while either both 
premisses may be false (79b29-40) or only one premiss may be false 
(79b4o-8oaS), if only one premiss is false, it must be Ahc. 'For it is 
impossible for h to be in some whole (for a was said not to belong 
primitively), (79b37ff). If Ahc were true, then Aca would have to be 
false. Since Aristotle restricts himself to universal statements,21 this 
implies that Eca is true. But then one could prove, by an instance of 

C l Eca Ahc h' h Id b ... · E'l b' . e,arent, Eha w IC wou e witness to oa emg non-atomtc. 

The task of Posterior Analytics AI7 is the study of derivations of false 
conclusions, the contraries of which are provable. A sentence Aha or 
Eha is non-atomic if and only if it can be derived by valid syllogistic 
inference from true and prior premisses. With atomic statements one 
can safely ignore the question of the identity of the middle term: 
simply that there was a middle term is sufficient to guarantee error. For 
a true non-atomic statement, by contrast, there is some middle term 
through which it can be proved. The loss of a middle term at each 
syllogistic inference thus assumes increased importance. One can no 
longer ignore the identity of the middle term through which the false 
conclusion was erroneously derived. 

The concept of appropriateness is invoked for non-atomic statements 
to restore information that the syllogistic sacrifices and to aid in the 
restriction of the field of falsity. A middle term c is appropriate with 
respect to a statement Xha (X =A or X =E) if there is a deduction of 
Yha (Y =A or Y =E) from true premisses with c as the middle term22 
(An. Pst. 8ob2off). Since it is not necessary that X = Y, it is possible to 
have a deduction of a false conclusion through an appropriate middle 
term. 

If one has deduced a false conclusion through a middle term known 
to be appropriate, Aristotle shows that one is able to restrict sharply the 
field of falsity. For example, consider his treatment of the first figure. 

2' Cf. Barnes, Aristotk's Posterior AMlytics, pp. 157-8; 164-5 • 
.. Aristotle actually distinguishes what might be regarded as two different types of 

appropriateness. Compare e.g. An. Pst. 8ob~o-~6 with 8ob~6-3~ Logically the distinc
tion is not important and I shall ignore it. 
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Suppose one has deduced in Celarent Eea Ahe a conclusion known to be 
Eha . 

false, through an appropriate middle term. Then Ae~h:he must be a 

deduction from true premisses of non-atomic Aha through the appro
priate middle. The appropriateness of the middle term e forces the 
minor premiss in Celarent, Ahe, to be true. For it must also function in 
the deduction from true premisses of Aha. The major premiss of 
Celarent, Eea, must be false. If the deduction is not through an appro
priate middle term, then one cannot restrict the field of falsity (An. P st. 
8ob31.-8 I 3.4). 

Similarly if Eha and one has deduced Aea h Ahe through an appro-
Aa 

priate middle, only the major premiss, Aea, can be - and therefore must 
be - false, since the minor premiss Ahe must function in a deduction 

from true premisses in Celarent Eea Ahe (An. Pst. 8Ial6-1.o). If the 
Eha 

middle term is not appropriate, one can again not restrict the field of 
falsity. 

The results of Posterior Analytics AI6 and AI7 are not dramatic. The 
notions of atomic belonging or not belonging and of deductions of a 
false conclusion through an appropriate middle term are of limited help 
in searching for false premisses. Nevertheless, these chapters contain 
hints of a philosophically fruitful logical technique. The syntactic rules 
of the syllogistic can be used in a search for falsity as well as in the 
pursuit of truth. These rules can he used not merely in moving from 
principles to a conclusion, but also for determining, within certain 
bounds, what any proof of a given conclusion muSt be like. The signifi
cance of these chapters lies not in successful results, but in the method 
employed. 
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Proof by refutation 

Aristotle thought that 'principles' were non-demonstrable, and were to 
be apprehended by mental insight. l But there was a problem with the 
non-demonstrability thesis which even Aristotle had to face: there was 
disagreement about what the principles were. Heraclitus seemed to 
deny as basic a principle as the law of non-contradiction (Met. r), 
lOOSb2S). Heraclitus' theories were an embarrassment to Aristotle's 
logical programme. On the one hand, Aristotle is prevented by his own 
doctrine from providing a direct proof of the law of non-contradiction. 
On the other hand, he is confronted with the disconcerting fact that not 
all people simply grasp basic principles; some go so far as to deny that 
they are true. In Metaphysics r),4 Aristotle sets out to resolve this 
dilemma, and his discussion provides insight into the nature of a justifi
cation of a basic logical law. The problem of justification is still with us. 
For it appears, at least initially, that if the law of non-contradiction is 
true, then there could be nothing more basic by means of which 
justification could be provided. Any purported justification would 
stand in at least as much need of justification as the law of non-contra
diction itself. 

In Metaphysics r) Aristotle makes the brave and seemingly reckless 
move of denying that anyone can believe the law of non-contradiction 
false. He states two conditions which are sufficient to ensure that a 
principle P is the 'firmest of all'. First, it must not be possible to be in 
error with respectto P (Met. rJ, looSbI2). Second, P must be such that 
anyone who understands anything understands P (Met. r), looSbI6). 
The law of non-contradiction is supposed to satisfy these conditions: 

'For the same thing to belong and not to belong to the same thing 
. and in the same respect is impossible (given any further specifications 
which might be added against the dialectical difficulties). This then 
is the firmest of all principles, for it fits the specification stated. For it 
is impossible for anyone to believe that the same thing is and is not, 
as some consider Heraclitus said - for it is not necessary that the 

1 Cf..An. Pst. B19; Bames, Aristotu's Posterior Analytics, pp. 2.48~; J. H. Lesher, 'The 

meaning of NOY:E in the Posterior Ana/ytics'. 
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things one says one should also believe. But if it is not possible for 
contraries to belong to the same thing simultaneously (given that we 
add the customary specifications to this proposition too) and the 
opinion contrary to an opinion is that of the contradictory, then 
obviously it is impossible for the same person to believe simultane
ously that the same thing is and is not; for anyone who made that 
error would be holding contrary opinions simultaneously. That is 
why all those who prove go back to this opinion in the end: it is in 
the nature of things the principle of all other axioms also.' (Met. r3, 
IooSbI9-H) 

The law that Aristotle wishes to defend is: 
(LNC) (F)(x)i(Fx & iFx).2 
The argument is not designed to prove the law of non-contradiction, 
but to prove that it is impossible to disbelieve the law of non-contradic
tion. While there may be people, e.g. Heraclitus, who sincerely assert 
that the law of non-contradiction is false, Aristotle denies they can 
believe that. This argument sets the stage for the· rest of Metaphysics 
r3-4. The strategy is not to try to persuade someone who does not 
believe the law of non-contradiction to change his mind: there is no 
such person to whom the attempt should be addressed. 

Unfortunately this argument is problematic. Kirwan accuses 
Aristotle of not indicating clearly whether the argument is supposed to 
rule out the possibility of believing 'veiled contradictions', e.g. 
'Menelaus was the king of Sparta but not of Lacedaemon.'3 However, 
Kirwan's criticism is unfair. For the argument is clearly intended only 
to rule out the possibility of self-conscious belief in two statements 
known to be contradictories. If it is discovered that Gx entails iFx 
then it becomes, according to Aristotle's argument, impossible to 
believe that Fx and Gx. But before such a discovery there is nothing in 
the argument designed to exclude such a conjunction of beliefs. 
Aristotle is not concerned to disallow the possibility of deep, un-' 
revealed confusions. The argument is designed to refute Heraclitus' 
alleged thesis which presupposed that one could believe a contradiction 
recognized to be such. 
• As Geach points out, Aristotle did not explicitly distinguish between propositional 

truth and the truth of predications. Since a statement, for Aristotle, was of subject
predicate form, there would be no pressing need to distinguish between propositional 
and predicate negation. Neither did Aristotle distinguish between the reference of a 
name and what a predicate applies to. See Geach, 'Aristotle on conjunctive propositions' 
and 'Nominalism', in LogiJ: Maners, pp. 13-27,289-91. 

, Christopher Kirwan, Aristotu's Maap"-yncs, Boolrs r,.6., E, pp. 89-90. 
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A second and more serious objection is that Aristotle's argument 
itself seems to depend on the law of non-contradiction. Aristotle 
assumes that it is not possible for contraries to apply to objects simul
taneously and this, of course, need not be the case if the law of non
contradiction failed.4 Consider the following objection: Aristotle's 
argument begs the question for it assumes the law of non-contradiction. 
Aristotle's argument is supposed to show that we must believe the law 
of non-contradiction. But the argument assumes that the law of non
contradiction is a law of logic and this is precisely what those who 
claim not to believe the law of non-contradiction deny. If we recognize 
of two beliefs that one is a belief that Fx and the other is a belief that 
iFx, then, given that we accept the law of non-contradiction, our 
believing that Fx will, of course, serve as a decisive objection to our 
believing that iFx (or conversely). But is not this to beg the question? 
For it is only because we already believe LNC that we are willing to 

give up one of two contradictory beliefs when we recognize them to be 
contradictory. 

There is a dangerous ambiguity in the claim that Aristotle's argu
ment assumes the law of non-contradiction. If what is meant is that the 
law of non-contradiction is needed as a premiss in the argument in 
order to secure its validity, then the claim is false.· The inference from 
Fx to not iFx is valid as it stands. To someone who objects that we 
beg the question by assuming the law of non-contradiction, we should 
respond as Achilles should have responded to the Tortoise: the infer
ence is valid as it is and does not need supplementation with a premiss 
that purportedly licenses the inference. 5 We do not reject iF x because 
we have both accepted Fx and adopted the law of non-contradiction as 
• Of course, the crucial premiss, that 'the opinion contrary to an opinion is that of the 

contradictory' is not substantiated by any argument and appears in itself to be extremely 
dubious. Barnes has provided a defence of this suspect premiss through an investigation 
of the conceptual relations of belief and disbelief ('The law of contradiction'). However, 
Barnes' reductio strategy depends on directly deriving a conclusion whose contradictory 
is alleged to be an instance of the law of non-contradiction. Such an argument is per
suasive only if the law of non-contradiction is not itself in question. Further, the 
justification and value of the premisses in his argument depend on the law of non
contradiction. For example, in defence of premiss (x), '(x) (x Believes (P&Q)=>x 
Believes P and x Believes Q)', Bames argues that it is absurd to suppose that a man 
believes P&Q and does not believe Q. For, Barnes asks rhetorically, if a man does not 
believe Q, how could he believe P and Q? The situation is absurd, but the absurdity 
derives from the fact that we take the supposition that a man may both believe Q and 
not believe Q to be absurd. 

• James Thomson, 'What the Tortoise should have said to AchiIles'; Wittgenstein, 
Remarks on tM Foundations of Mathematics, t, §§6-8. Here again, I am indebted to 
Kripke for various discussions about these arguments. 
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a law of logic: we reject IFx simply because we have accepted Fx. It 
is not that having adopted non-contradiction as a lav of logic one will 
tre~t acceptance of Fx as decisive grounds for rejection of IFx. 
Rather it is because one does count acceptance of Fx as ruling decisively 
against IF x that one can reflect on one's practice and form an abstract 
principle to describe it, in this case the law of non-contradiction. 

If a question-begging argument is one that tries to prove a (non
self-evident) statement by means of itself, then this argument radically 
fails to be question-begging in that the law of non-contradiction 
occurs neither as a premiss nor as conclusion. For as we have seen, 
Aristotle's argument is not designed to prove the law, but to prove that 
it is impossible to disbelieve the law of non-contradiction. Aristotle's 
argument that it is impossible to disbelieve the law of non-contradic
tion depends on the law to this extent: if the law were not true then the 
argument would lose all its force. Aristotle readily acknowledges this 
dependence. 

'But we have just accepted that it is impossible to be and not be 
simultaneously and we have shown by means of this that it is the 
firmest of all principles.' (Met. r4, IOo6a3ff) 

To admit that the argument works hy means of the law of non-contra
diction is not to admit, as Kirwan believes,6 that the argument depends 
upon LNC as a premiss. Rather it is to admit just what Aristotle 
believes: that our proof procedures must conform to the law of non
contradiction. In particular, the strength of the argument that it is 
impossible to disbelieve the law depends upon its truth. To show that 
the law of non-contradiction is the firmest of principles of course 
reqUires its truth: were it not true, the law could hardly be the firmest 
of principles. . . 

This response indicates why Aristotle treated the laws of non
contradiction and excluded middle as 'common principles'. These laws 
are common because they are not premisses of argument at all, but 
rather principles of reason which abstractly codify aspects of our 
deductive inferential practice. Aristotle is clearly aware of this dis
tinction. In Posterior Analytics AI I Aristotle asserts that the only proofs 
in which the law of non-contradiction occurs as a premiss are proofs 
whose conclusions are themselves instances of the law of non-contra
diction (An. Pst. 77aI0-2.2.).7 Aristotle seems to argue that given a 

• Kirwan, Aristotu's MetJlphysu:s, Books r, .d, E, p. 90. 
• Cf. Bames, Aristotu's Posurior Ana/ytics, p. 140. 
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proof with an instance of the law as conclusion, one can proof-theoret
ically determine that one of the premisses must be an instance of the 
law. Similarly, Aristotle limits the use of the law of excluded middle to 
per impossibile proofs (An. Pst. 77a22-27). As we saw in Chapter 3, the 
law of excluded middle does not occur as a premiss in a per impossibile 
proof. Rather, one directly deduces a conclusion known to be impos
sible from two premisses one of which is known to be true, and then 
simply infers the contradictory of the premiss not known to be true. In 
fact, Aristotle would not have been able to claim that a direct and a per 
impossibile proof yield the same conclusion from the same premisses if 
the law of excluded middle occurred as a premiss in the per impossibile 
proof. 

Frege's fonnalization oflogic as an axiomatized system with a mini
mum number of rules of inference and a relatively large number of 
axioms, taken to be logical truths, has deeply coloured the vision of 
logic held by philosophers and logicians in this century.8 Twentieth
century interpreters of Aristotelian logic are not out of Frege's shadow 
- an extreme example is Lukasiewicz's formalization of the syllogistic 
as an axiomatic system - and the temptation to assimilate all common 
principles to Fregean logical truths must be resisted. One can accept 
that the laws of excluded middle and non-contradiction are common 
principles without having to accept that they occur as premisses any
where in a proof.9 

Still, the problems of providing a justification of as basic a logical 
principle as the law of non-contradiction are far from resolved. If 
Aristotle's argument is correct, there are no people who do not believe 
the law of non-contradiction, yet there may be people who sincerely 
think they do not believe it. And though they may not, strictly speak
ing, be able to charge Aristotle with begging the question, neither 
would they, when confronted with Aristotle's argument, feel any com
pulsion to abandon their position. For they may readily admit that if 
the law is true, then it is the firmest of principles and they must be 
incapable of disbelieving it. Yet what they deny is that LN C is true, and 
• For a critique of this type of formalization, see Dummett, Frege: PAilosopAyof Language, 

pp. 432.-41• 

, Of course, some common principles should be treated as premisses. In Posterior 
Ana/ytics Ala-n, Aristode mentions as a third example of a common principle the 
Euclidean common notion that equals taken from equals leave equals (An. Pst. 76~1. 
na31). Such a common principle is used as an axiom schema instances of which do 
occur as premisses in proofs. Thus Aristode says that the Euclidean principle may 
occur in geometrical proofs as a premiss about equal lengths and in arithmetical 
proofs as a premiss about equal numbers. 
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they may take their own alleged belief in its negation as evidence that 
the law of non-contradiction could not be the firmest of principles. 

Aristotle argues that a response must take some form other than 
direct proof. 

'Some, owing to lack of training, actually demand that it [LNC] be 
proved: for it is lack of training not to recognize of which things 
proof ought to be sought and of which not. For in general it is 
impossible that there should be proof of everything, since it would 
go on to infinity so that not even thus would it be proof. But if there 
are some things of which proof ought not to be sought, they could 
not say what they regard as a principle more fully of that kind. But 
even this can be proved to be impossible in the manner of a refutation 
if only the disputant says something. If he says nothing, it is ridicu
lous to look for a statement in response to one who has a statement of 
nothing, in so far as he has not; such a person, in so far as he is such, 
is similar to a vegetable. By 'proving in the manner of a refutation' I 
mean something different from proving, because in proving one 
might be thought to beg the original [question], but if someone else 
is cause of such a thing it must be refutation and not proof. In 
response to every case of that kind the original [step] is not to ask 
him to state something either to be or not to be (for that might well 
be believed to beg what was originally at issue), but at least to 
signify something both to himself and to someone else; for that is 
necessary if he is to say anything.' (Met. r4, 1006aS-22) 

Proof has its limitations. By its very nature, a proof enables one to gain 
knowledge of the conclusion based upon a knowledge of the premisses. 
But the problem is not to prove. the law of non-contradiction from 
prior principles but to respond to someone who seems to be denying it. 
Attempting to show the incoherence of his position in the most direct 
manner possible, we may initially have said 'Given tha~ you accept Fa, 
then it is not the case that not Fa, therefore it is not the case that (Fa 
and not Fa).' Our opponent chal'ges us with begging the question, 
since the validity of our inference depends upon the law of non-con
tradiction being valid. We may not be able to offer a direct proof of the 
law of non-contradiction which will not be seen to beg the question. 

Proof by 'refutation' is Aristotle's response to someone who charges 
us with begging the question in our attempt to justify the law of non
contradiction. We are not in a position to return the compliment: we 
cannot charge our disputant with question-begging, for he is not trying 
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to prove the negation of the law of non-contradiction by means of 
itself. What Aristotle does charge him with, however, is a covert 
dependence on the law of non-contradiction. Proof by refutation is 
designed to show that the possibility of saying anything, even that the 
law of non-contradiction is false, depends on an adherence to the law of 
non-contradiction. If a person is to deny the law of non-contradiction 
he must be in a position to do just that: assert that the law is false. There 
is no point, says Aristotle, in trying to argue with someone who says 
nothing; for in so far as he says nothing he is no better than a vegetable 
(Met. r4, Io06aI;). But Aristotle is not arguing with a vegetable. He is 
arguing with someone who can present a coherent, if fallacious, argu
ment for the falsity of the law of non-contradiction. The opponent of 
the law, while disowning reason, listens to reason (Met. r4, Io06a26). 
He is able to argue in a reasoned way against the law of non-contradic
tion and the possibility of such argumentation depends on adherence to 
the law of non-contradiction. 

If someone is to say anything - even that the law of non-contradiction 
is false - he must 'signify something' both to himself and to others 
(Met. r4, I006a21-22). Aristotle's strategy is to show that the possi
bility of signifying something depends upon adherence to the law of 
non-contradiction. To understand the argument, an excursion into the 
realm of Aristotelian semantics is necessary. A sentence, for Aristotle, 
is a significant spoken sound, made up of expressions that themselves 
signify.1Q Statements, those sentences capable of truth or falsity, are 
divided into affirmations and negations (De Int. 16b33, 17a8). An 
affirmation is a statement affirming something of something and a 
negation is a statement denying something of something (De Int. 
17a2.;ff). These, for Aristotle, are the paradigms of a sentence: that a 
predicate does or does not apply to a subject. 

Since in an Aristotelian statement one either affirms or denies some
thing of a subject, at least part of the semantic role of the subject-term 
must be to pick out, refer to, the subject about which the affirmation or 
denial is. being made. For an affirmation could affirm something of 
something only if the subject-term picked out the subject of which 
something is being affirmed. I would like to· suggest that what an 
expression signifies corresponds to its semantic role: it follows that at 

10 D~ Int. I6bz6. Names and verbs, the components of sentences both signify. De Int. 
I 6aI Sl-:n, I6b6, I 6b I 9. See also Categories Ib2. s: the 'things said without combination' 
are the semantically significant subsentential units, ' ..• each signifies either a substance 
or quantity or a relative or having or doing or being affected'. 
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least part of what it is for a subject-term to signify is for it to refer to 
the substance about which a predication is being made.l1 Aristotle 
makes this point (though imprecisely, owing to a failure to distinguish 
use and mention): 

'Every substance seems to signify a certain 'this'. As regards primary 
substance it is indisputably true that each of them signifies a certain 
this; for the thing revealed is atomic and numerically one.' (Cat. 

3blo-- I 3) 

A name of a primary substance, for example, 'Socrates' signifies the 
particular Socrates who, being a 'this', is individual and numerically 
one. Concerning natural kind terms (that is, names for secondary sub
stances) Aristotle is more cautious (Cat. 3bI3-2I). The problem is to 
avoid reference to objects like Platonic Forms. Thus 'man' does not 
actually signify a certain 'this', even though it may appear to do so. For 
man is not an individual, as a primary substance is, but is said of many 
things.12 However, unlike e.g. 'white', which only signifies a certain 
qualification, natural kind terms signify substance of a certain qualifica
tion (Cat. 3b2o--2I). Natural kind terms such as 'man' signify, at least 
in part, by referring to individual men.13 This theme is pursued in the 
theory of predication developed in Posterior Analytics A22. Meta
physically misleading sentences, e.g. 'The white thing is a man', are 

11 Of course, one must avoid attributing to Aristotle the sophisticated semantic distinc
tions which have been made only recently. His notion of signifying something lacks 
precision and will cause heartache to the modem philosopher who tries completely to 
assimilate it to either that of sense or reference, at least as these notions are commonly 
understood. For good advice on this see Miss Anscombe, 'Aristotle' in Three PIoilo
sophers, pp. 38-44; Robert Bolton, 'Essentialism and semantic theory in Aristotle: 
Posurior Ana/ytics II, 7-10'. The lack of precision does not, however, impugn the 
suggestion that part of what it is for a subject-term to signify is to refer. Dummett has 
argued that there is a tension in Frege's prototype of reference, the name/bearer 
relation, and his conception of reference as semantic role (Frege: Philosopny of Langwge, 
pp. 401~29). In a much less sophisticated way, 'to signify' is often treated as meaning 
both 'to have a semantic role' and 'to refer' just because words like 'man' are treated as 
names. 

12 'If something is said of a subject, both its name and its definition are necessarily predi
cated of the subject' (Cat. 2aI9). The 'said of' relation holds between things and not 
words: it is not 'man' but man that is said of the individual man. See Ackrill, Aristotle's 
Caugorus and De Interpretatione, pp. 74-6, 82; Hamlyn, 'Aristotle on predication'. 

13 Bolton, 'Essentialism and semantic theory in Aristotle: Posurior Ana/ytics II, 7-10', 
argues that a nominal definition signifies essence without revealing it, by referring to 
particular instances. Thus the nominal definition of thunder is a cutoin fomiJu,r noise 
in the clouds (cf. Physics 184a16t1). Having picked out instances one can move toward 
a real definition by investigating the nature of anything that is essentially like those 
instances. 



106 Proof by refutation 

dismissed as either not predicating at all or as predicating only incident
ally (An. Pst. 83aq-32). In genuine predications one thing is predicated 
of a subject and one is saying either what the subject is - e.g. 'man is 
animal' - or saying that the subject has some property - e.g. 'man is 
white' (An. Pst. 83a21-23). Aristotle continues: 

'Again, the things signifying a substance signify of what they are 
predicated of just what is that thing or just what is a particular sort of 
it; but the things which do not signify a substance but are said of 
some other underlying subject which is neither just what is that thing 
nor just what is a particular sort of it, are incidental, e.g. white of the 
man. For the man is neither just what is white nor just what is some 
white - but presumably animal; for a man is just what is an animal. 
But the things which do not signify a substance must be predicated 
of some underlying subject and there cannot be "anything white 
which is not whit~ through being something different. (For we can 
say goodbye to the Forms; for they are nonsense, and if they exist 
they are nothing to the argument; for proofs are about things of this 
type.)' (An. Pst. 83a24-3S) 

To signify a substance is not only to refer to a particular substance, but 
also to invoke its essence. 'Man' is not only predicated of an individual 
man, but it picks him out qua what he is. 'The white thing' may refer to 
a man, but it does not pick him out qua what he is: 'For the man is not 
just what is white nor just what is a certain white' (An. Pst. 83a29). 
Substance-terms, by contrast, signify just what that thing is of which 
they are predicated (An. Pst. 83a24).H 

If a man is to say anything, he must signify something both to him
self and to someone else. 'For if he does not there would be no state
ment for such a person either in response to himself or to anyone else' 
(Met. r4, Io06a2I-24). Any statement must affirm or deny something 
of something; and the subject term must signify the substance of which 
the affirmation or denial is made.1s 

14 The connection would be even easier to forge if an individual substance were its 
essence. For a defence of this thesis, see Hartman, 'Aristotle on the identity of substance 
and essence'. But on the other side see A1britton, 'F ooos of particular substances in 
Aristotle's Metaphysics'. Cf. also An. Pst. -4, nbs-Io . 

., That is why Aristotle's claim that the phrase 'goat stag' signifies is not damaging to this 
interpretation. Aristotle says that the name 'goat stag' signifies but, because there are 
none, it is impossible to know what a goat stag is (An. Pst. B7 92.b4-8). Remember, to 
say that an expression signifies is only to say that it has a semantic role. One can allow 
that the term 'goat stag' has a semantic role, that it signifies, without maintaining it 
must refer to goat stags. It would only refer to goat stags if it were a genuine substance-
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' ... 1t is clear then that this at least is itself true, that the name signi
fies to be or not to be this particular thing, so that it could not be that 
everything was thus and not thus. Again if man signifies one thing, 
let that be biped animal. What I mean by signifying one thing is this: 
if this is a man, then if anything is a man that thing will be to be a 
man.' (Met. r4, 1006a28-34) 

If the name signifies one thing, it will do more than merely refer to· an 
individual or individuals. If 'man' signifies one thing then any indi
vidual man will be what it is to be a man. 

This interpretation is supported by Aristotle's distinction between 
'signifying' one thing and 'signifying about' one thing: 

'Then it is not possible that "to be a man" signifies just what "not to 
b~ a man" [signifies], if "man" signifies not only about one thing but 
also one thing (for we do not count as signifying one thing this, viz. 
signifying about one thing, since in that way "musical" and "white" 
and "man" would signify one thing, so that all will be one, because 
synonymous). And it will not be to be and not to be the same thing 
unless homonymously, as if others were to call not-man what we call 
man. But what is puzzling is not whether it is possible that the same 
thing should simultaneously be and not be a man in name, but in 
fact.' (Met. r4, Io06bI3-22) 

'Signify about' can be interpreted as 'be truly predicated of'.16 

Aristotle's point is that even if 'man', 'white' and 'musical' could be 
truly predicated of some pallid lyre-player, the terms would not all 
signify one and the same thing. Only 'man' is a subject-term and signi
fies a substance, an individual man; what it is for this substance to be is 
to be a man. Being white or musical are properties of an individual 
subject, but they are properties the subject can gain or lose while 
remaining that subject. It is characteristic of a subject that it can under
go such change. But there are some changes a subj.ect cannot undergo 
and remain that subject: a subject cannot at one time be a man and later 

,. Cf. Kirwan, Aristotle's Metaphysics, Booles r,..:I, E, p. 96. 

term; for then its semantic role would be, at least in part, to refer to the subjects of a 
predication. Aristotle need not deny that 'goat stag' signifies. He is only committed to 
the fact that 'goat stag' cannot be the subject-term of a statement - a sentence capable 
of truth or falsity. For a statement affirms or denies something of something and there 
are no such things as goat stags of which to affirm or deny anything. 
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fail to be a man. For ifhe is a man, then that is just what it is for him to 
be,17 

Aristotle says that if 'man' and 'musical' and 'white' signified one 
thing 'all will be one because synonymous' (Met. r4 loo6bI7-18). 
Here, one must not interpret 'synonymous' in terms of the modern 
concept of synonymity and mistakenly infer that whata term signifies is 
a statement of its meaning. For Aristotle it is not words but things 
which are synonymous. Two things are synonymous if they share not 
only a name in common, but also the 'definition of being' that corre
sponds to the name (Cat. la7).18 Here the 'definition of being' need not 
be thought of as merely verbal:19 to state that biped animal is the defini
tion of man is not to say that the linguistic expression 'man' means 
'biped animal'; rather it is to say that to be a biped animal is what it is 
to be a man. Similarly, if biped animal is what 'man' signifies, it is not 
that 'biped animal' gives the verbal definition of what 'man' means.20 

If 'man', 'white' and 'musical' signified one thing, then man, white and 
musical would share definition of being: an individual man would be 
just what it is to be musical and white. Aristotle says that all will be one 
because synonymous: this means that if things share not merely a name 
but the definition that corresponds to the name, then they are essentially 
the same thing.21 

17 Noonan has suggested that two predicates F and G have the same signification if and 
only if D(x) (Fx~ Gx) ('Aristotle on the principle of non-contradiction'). He then 
uses this analysis to contrast it with predicates signifying about one thing - i.e.· predi
cates with the same extension. An interpretation of loo6bl 5ff follows. The problem 
with Noonan's interpretation is that while his analysis attributes a valid argument to 
Aristotle, it imports too much strength into the notion of signifying to achieve this 
end. It is not that the signification of a term is its necessary extension, but that a subject
term like 'man' signifies a substance which, while it exists, must be a man. It is the 
notion of substance, not signifying, which enables Aristotle to make the distinction 
between signifying one thing and signifying about one thing. 

18 Two objects may be both homonymous and synonymous: if a name and corresponding 
definition applies to both objects, and a different name applies to both objects, but there 
is no unique corresponding definition which also does. See Ackrill, Aristotle's Categories 
and De Interpretatione, p. 71. 

,. See Ackrill, Aristotle's Categories and De I nterpretatione, pp. 71-91; Hamlyn, 'Aristotle 
on predication'. 

20 For a very different interpretation, see Dancy, Sense and Contradiction: A Study in 
Aristotle (especially p. 46). Dancy takes what a word signifies to be its sense and is thus 
led to make criticisms of Aristotle that I do not think are justified. 

21 Aristotle says on a number of occasions. that if contradictory predicates are true of the 
same thing, then everything will be one. (Cf. e.g. loo6bl7, lOO7a6, lOO7b:1.0.) A 
common interpretation of Aristotle's argument attributes to him a tacit and unjustified 
assumption that his opponent believes the law of non-contradiction fails quite generally. 
It also attributes to Aristotle a belief in the identity of indiscernibles (cf. e.g. Dancy, 
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'It is therefore necessary if it is true of anything to say that it is a man, 
that it be a biped animal (for that was what "man" signified) and if 
that is necessary it is not possible that the same thing should not be, 
at the same time, a biped animal (for to be necessary signifies this: to 
be impossible not to be). Therefore it is not possible that it should 
be simultaneously true to say that the same thing is a man and is 110t 
a man.' (Met. r4, I006b28-34) 

'Man' signifies biped animal; so we can say of anything that is a man 
that it is a biped animal (cf. Cat. 2aI9). The necessity derives from the 
fact that 'man' signifies a substance, an individual man. What it is for 
him to be is to be a biped animal: so it is not possible that he should not 
be a biped animal. For if he is anything he is that. But if we cannot say 
of him that he is not a biped animal, we cannot say of him that he is 
not a man, for not-man and not-biped-animal are said of the same 
things.22 

This argument is persuasive only if one accepts Aristotle's view of 
substance. One must accept that there are, for example, individual men 
and that there is something which is just what it is to be a man; for 
example, a biped animal. For then it makes no sense to say that it is not 
a biped animal: if it is anything at all it must be a biped animal. Some
one who did not believe in substance, however, need not be persuaded. 
Contrapositively, Aristotle accuses those who deny LNC of destroying 
substance: 

'Those who say this entirely destroy substance and what it is to be. 
For it is necessary for them to maintain that all things are coinci
dences and there is no such thing as just what to be a man or to be an 

•• Cf. De Int. 16a2.9; AckrilI, Aristotle's Categories and De Interpretatione, pp. II7-18. 

Sense and Contradiction: A Study in Aristotle, p. 47). Since both F and IF are supposed 
to apply to all x, it follows from the identity of indiscernibles that everything will be 
one. 

There is however an alternative interpretation, based on the notion of signifying a 
substance, that permits an explanation of why Aristotle th,ought his opponent com
mitted to the universal failure of the law of non-contradiction. Further the interpreta
tion does not require attributing to Aristotle a belief in the identity of indiscemibles. 
By the law of excluded middle, (x) (man(x) v not-man(x)). 'Not-man' will be true of 
everything in the universe that is not a man. Suppose now that 'man' and 'not-man' 
signify one thing. Then since part of what it is for a subject-term to signify is to 'refer' 
to those objects of which it is true, it follows that (x) (man(x) & not-man(x)). Further 
since the terms 'man' and 'not-man' signify one thing, then those things signified are 
signified in virtue of their being what they are. However, everything is signified by 
these terms. The universe will thus be essentially homogeneous. 
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animal [is]. For if anything is just what to be a man [is], that will not 
be to be a not-man or not to be a man: yet those are its denials. For 
what it signified was one thing and that was something's substance 
and to signify a thing's substance is to signify that being, for it, is 
nothing else.' (Met. r4, IOO7a2o-27) 

If 'not-man' could be said of the very same individual of which 'man' is 
said, there could not be substance, for there would be nothing which is 
just what a man is. Then the possibility of discourse is destroyed for 
there is no subject about which to make any affirmation or denial: 

'For if everything is said incidentally there will not' be anything 
which things are initially about if coincidental always signifies a pre
dication about a certain subject.' (Met. r4, Ioo7a33-bI) 

But coincidental properties do coincide in a subject. The white may be 
musical and the musical white, but that is because they both coincide in 
an individuai man; e.g. the .talented but pallid musician (Met. r4, 
I007b2-l7). If coincidental properties always coincide in a subject, 
then any account that destroys substance must be incorrect.· 

'Consequently, there will be something signifying a substance even 
in such a case: And if that is so, it has been shown that it is impossible 
to predicate contradictories simultaneously.' (Met. r4, Io07bI6-I8) 

A true opponent of the law of non-contradiction is robbed of the 
possibility of saying anything. For to say something, on the Aristotel
ian semantics, is ~o predicate a property of a subject. And if we attempt 
to say of a subject both that it is man and that it is not-man we have not 
succeeded in making two predications; we have failed to make one. 

A serious objection to Aristotle's argument is that it assumes a 
particular semantical picture. A statement is assumed to be of the sub
ject-predicate form and an affirmation is true if the predicate applies to 
the subject and false otherwise. The world is like a classical model of 
subjects and properties; it is a model that embodies the laws of classical 
logic. Given such a semantical picture, it does not make sense to say 
that a property does and does not hold of a subject. But why should a 
sophisticated opponent ofLNC accept such a semantics? Consider, for 
example, Aristotle's defence of the law of excluded middle in Meta
physics r7. 'There is,' says Aristotle, 'no alteration except into oppos
ites.' Were there a middle between 'white' and 'not-white' there would 
be a process of coming-to-be-white from something other than not-· 



Proof hy 'refutation III 

white and this, says Aristotle, is not observed (Met. r7, 101 Ib34ff). He 
argues that the negation of a statement 'not-white (x)' is compatible 
with every state of affairs other than x being white. And since 'white 
(x)' holds in the one situation in which its negation does not, Aristotle 
argues that 'white (x) or not-white (x)' must be valid (M~. r7, 
IOI2aI5ff)· 

An opponent may, however, respond by rejecting the semantics, by 
denying that 'white' is a determinate predicate which either applies or 
fails to apply to every object. 'White', it may be objected, is a vague 
predicate: for certain objects in the domain of discourse, there may be 
no determinate answer as to whether they satisfy 'white' or 'not-white'. 
Crispin Wright has proposed the following Sorites paradox:23 there is 
a series of colour patches, the first patch being obviously white and 
each patch visually indistinguishabl~ from its immediate successor. Yet 
the last patch in the series is very dark; that is, obviously not white. 
Now if the opponent can convince us that 'white' is an observational 
predicate - that is, one for which the criteria of application are based 
solely on our perceptual powers - and if, as in. the imagined case, there 
is a failure of transitivity in the relation ' ... is visually indistinguishable 
from .. .' then it seems one must at least countenance the possibility 
that there may be cases for which there is no determinate answer as to 
which predicate, 'white' or 'not-white', applies.24 The opponent's 
objection is at least prima facie cogent because Aristotle's semantics 
does not allow for the possibility of vagueness. 

In the case of the law of non-contradiction, a sophisticated opponent 
may make an objection to Aristotelian semantics so radical that we do 
not find it even prima facie compelling. Nevertheless, it seems as if 
Aristotle does not even allow for this possibility. He argues that an 
opponent ofLNC must eliminate substance and so there can be nothing 
that his statements are about. But that an opponent cannot say anytking 
seems to follow only if one assumes that the correct semantical account 
of all statements is that a predicate applies or does not apply to a sub
ject. The very way in which Aristotle defines a contradiction and poses 
an objection to the law of non-contradiction assumes an ontology of 
subjects about which our language speaks. In a contradiction 'the 
negation must deny tke same tking as the affirmation affirmed and of tke 
same tking . • .' (De Int. I7b38). Similarly, the opponent of the law of 

.. Wright, 'Language-mastery and the Sorites paradox', 

.. I am completely ignoring the intuitionist critique of the correct semantical account of 
non-atomic sentences. 
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non-contradiction as Aristotle thinks of him is not someone who com
pletely gives up on an ontology of subjects and properties, but rather 
is someone who asserts the opposite of the law; that it is possible for 
the same thing to belong and not to belong simultaneously and in the 
same respect (Met. r3, Ioo5b23). But why could not a more sophistic
ated opponent reject the semantics completely? Could he not hold that, 
since the law of non-contradiction is false, Aristotle's argument only 
shows that we must give up the picture of the world as composed 
of subjects and properties? The truth of sentences would then have 
to be accounted for in ways that did not invoke· the existence of 
substance. 

The response to this objection is that in Aristotle's proof by refuta
tion a valid point is being made which transcends the semantical con
text in which it occurs. An assertion divides up the world: to assert that 
anything is the case one must exclude other possibilities. This exclusion 
is just what fails to occur in the absence of the law of non-contradiction, 
even when construed in its most general propositional form: i(P & 
iP). One cannot assert P and then directly proceed to assert iP: one 
does not succeed in making a second assertion, but only in cancelling 
the first assertion. This is the ultimate reason why an opponent of the 
law of non-contradiction cannot say anything. 

c ••• it follows that everyone would have the truth and everyone 
would be in error and [the disputant] acknowledges himself to be in 
error. At the same time it is evident that in response to this person 
there is nothing for an investigation to deal with; for he says nothing. 
For he says neither that it is thus, nor that it is not thus, but that it is 
both thus and not thus; and again he also denies both these, saying 
that it is neither thus nor not thus.' (Met. r4, Ioo8a28-33) 

The opponent of the law of non-contradiction (if he is consistent) must 
admit not only that what he says is true, but also that what he says is in 
error. This seems to be the paradigm of proof by refutation: the 
opponent is forced to say that what he says is false. 

Why, however, should this opponent be bothered? That everything 
he says is false does not for him rule out the possibility that everything 
he says is also true, which he also firmly believes. In fact he should 
cheerfully admit that everything he says is false - of course it is false -
and he should chide us for not seeing that it is false (and true) as well. 
(Similarly with Aristotle's argument at Met. r4, Ioo6b28 that it is not 
possible for the same thing to be a man and not be a man. Why cannot 
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the opponent agree that it is not possible, but also conclude that it is?) 
Why should the opponent object to any inference we make? Should he 
not accept all the inferences we accept as valid and complain only that 
we have not recognized all the valid inferences? (Of course, he should 
also say that we have recognized all the valid inferences.) Further, he 
may charge us with begging the question (Met. r4, 1008bl), for the 
objection only appears to be an objection if one accepts the law of non
contradiction. 

However, Aristotle's proof by refutation has a purpose more pro
found than the mere attempt to extract a confession of error from his 
opponent. Earlier jt was argued that Aristotle's argument that no one 
can believe a contradiction was only meant to apply to contradictions 
recognized to be such; it was not designed to rule out the possibility of 
holding contradictory beliefs that are not recognized to be contradict
ory. His argument is not primarily intended for the 'opponent' of the 
law of non-contradiction, whoever he is; it is addressed to the reader 
or, if you will, the back benches of the Academy. The proof by means 
of refutation is constructed so lls to reveal to us that Aristotle's oppon
ent is in a contradictory position. Prima fode it might appear that the 
revelation that one is in a contradictory position would hardly be felt as 
damaging to the opponent of the law of non-contradiction. But 
Aristotle is not trying to persuade him: the argument is for our sake, 
not for his. Aristotle thinks he has shown that there is no one who does 
not believe the law of non-contradiction. So the strategy to adopt is one 
designed to get us to see the incoherent position Aristotle's opponent is 
in. 

This cannot be achieved merely by having him admit that he is in 
error. Although he admits to this we do not yet recognize the incoher
ence of his position. Proof by means of refutation is designed to show 
us that if the opponent is capable of saying anything - even if what he 
is capable of saying is that he is opposed to the law of non-contradiction 
- then his assertive and inferential practices, his general behaviour, 
must be in accord with the law of non-contradiction.25 And when a man 
.. Philosophers have long argued that there can be no justification of basic deductive 

inferences or basic logical laws because any attempted justification will make recourse 
to the very inference or law one is trying to justify. Dummett has responded that one 
must distinguish between a suasive and an explanatory argument (The justification of 
deduction'). If the task of a proof is to convince, then the epistemic direction of the 
argument must be the same as the consequential direction of the proof. In virtue of 
one's "knowledge of the premisses one hecomes convinced of the truth of the conclusion. 
With a proof used in an explanatory role, the epistemic direction may be the reverse of 
the consequential: knowing that the conclusion is true we may construct an argument 
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is sufficiently confused to assert that he does not believe in the law of 
non-contradiction, his general behaviour is a far better guide to his 
beliefs than his assertions. That he will walk to Megara rather than stay 
where he is when he considers that he should walk there, that he will do 
one thing rather than ~mother reveals decisively that he is not the 
opponent of the law of non-contradiction that he thinks he is (Met. r 4, 
loo8bI2-27). Were he a true opponent he would not think Aristotle's 
arguments damaging, but neither would he think anything else - he 
would be a vegetable. Even in such a case we could not justly call him a 
'true opponent' of the law of non-contradiction, for we would not be 
able to ascribe to him any beliefs at all. Proof by means of refutation 
reveals that if we can ascribe any beliefs to him, if we can interpret him 
as saying anything, then he must believe the law of non-contradiction, 
whatever sincere beliefs about his beliefs he may hold to the contrary. 
The opponent of the law of non-contradiction tries to argue rationally 
that one should not accept it. Aristotle's point is that there is no con
ceptual space in which such a rational discussion can occur. Argument
ation is useless to persuade him to 'accept the law of non-contradic
tion', whatever that might mean, but his very ability to argue reveals 
that the alleged opponent is not genuine, even though we may have 
thought he was. The opponent may cheerfully admit that everything he 
says is false and, momentarily, we may even find that amusing, but after 
the proof by refutation we will not find it deeply interesting. 

which would shed light on why it is true. The distinction between suasive and explana
tory arguments provides an escape from the charge of circularity in any attempt to 
justify a basic deductive inference or logical law . For the man who seeks justification 
does no thave to be persuaded that the inference is valid; he simply wishes to have its 
validity explained. Aristotle's proof by refutation brings the inadequacy of Dummett's 
position to light. The suasive appearance of M.taphysics r), 4 can be misleading. 
Aristotle's Heraclitus does not seek explanation: he thinks he understands the law 
perfectly well and he thinks that it is false. Yet the argument is not designed to con
vince him - it is designed to convince us, the reader and the back benches of the 
Academy. This, however, does not mean that the argument need not be suasive. For 
there may be those among us who find Heraclitus' argument attractive. But they are not 
thinking clearly: the person Aristotle must convince is not someone who does not 
believe the law of non-contradiction, but only someone who thinks he does not believe 
it. Proofby means of refutation is designed to reveal to anyone who thinks he does not 
believe the law of non-contradiction the incoherence of his position. 
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